8 Line and surface integrals

Line integral is an integral where the function to be integrated is evalu-
ated along a curve. The terms path integral, curve integral, and curvilinear
integral are also used.

8.1 Line integral with respect to arc length

Suppose that on the plane curve AB there is defined a function of two
variables f(z,y), i.e. to any point (x,y) of this curve there is related the
value f(x,y). Let
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the random partition of the curve AB into subarcs }f_l\Pk, k=1, 2, ..., n.

From every subarc we pick a random point Qx(&x, k) € Pr—1F%.
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Figure 8.1. The partition of the curve AB

Denote by Asy the length of the subarc Pk/_l\Pk Now we multiply the
value at the point chosen by the length of subarc f(Qy)Asg, where k =

1, 2, ..., n. Adding all those products, we get the sum
$n= Y [(Qi)Asy (8.1)
k=1



which is called the integral sum of the function f(x,y) over the curve AB.
We have the random partition of the curve AB. Therefore, the lengths

As;, of subarcs P?_I\Pk are different. Denote by

A = max Asy
1<k<n

i.e. the greatest length of subarcs.
Definition. If there exists the limit

lim s,
A—0

and this limit does not depend on the partition of AB and does not depend
on the choice of the points ) on the subarcs, then this limit is called the
line integral with respect to arc length and denoted by

Aé f(z,y)ds

Thus, by the definition
[ fvds =t S rQuas,
AB k=1

Suppose the curve AB is the piece of wire. If the function p(z,y) > 0
represents the density (mass per unit length) for wire AB, then the product
p(Qr)Asy is the approximate mass of subarc Asy and the integral sum

Z p(Qr)Asg
k=1

is the approximate mass of the wire AB. For shorter subarc the value p(Qy)
represents the variable density p(z,y) of subarc with greater accuracy. Thus,
in this case the limit of the integral sum, i.e. the line integral with respect
to arc length gives the mass of the wire AB:

m:/p(x,y)ds (8.2)
AB

The properties on the line integral with respect to arc length can be
proved directly, using the definition.



Property 1. The line integral with respect to arc length does not depend
on the direction the curve AB has been traversed:

Aé F(z,y)ds =Bl F(@,y)ds

Property 2. (Additivity property) If C' is some point on the curve AB,

then
flz,y)ds = [ f(x,y)ds+ [ f(z,y)ds
Aé Al Cé
Property 3.
[f(z,y) £g(z,y)lds = [ f(z,y)ds = [ g(z,y)ds
/ o]

Property 4. If ¢ ic a constant, then

/cf(x,y)ds _ cAé (@, y)ds

AB

Property 5. Taking in the definition of the line integral with respect to
arc length f(z,y) = 1, we get the integral sum

n
Sy = g As;y,
k=1

which is the sum of lengths of subarcs. This is the length of arc AB for any
partition. Thus, for f(z,y) = 1 the line integral gives us the length of arc

AB:
Sap = /ds

AB

Property 5 can be also obtained by taking in (8.2) the density p(z,y) = 1
because then the mass and the length of the curve are numerically equal.

Any point of the curve AB in the space has three coordinates Q (&, 7k, Cx)-
So, the function defined on the space curve is a function of three variables
f(x,y, z). Defining the line integral with respect to arc length along the space
curve we do everything like we did in the definition for the two-dimensional
case:

[ oy 2)ds = tim > (@ (33)
AB k=1

Of course, five properties of the line integral for three-dimensional case
are still valid.



8.2 Evaluation of line integral with respect to arc length

Suppose that the parametric equations of the curve AB in the plain are

{ooe

and the parametric equations of the curve AB in the space are

x = x(t)
y=y(t)
z = z(t),

where at the point A the value of the parameter t = « and at the point B

the value of the parameter t = 5.

d
Definition 1. The plain curve AB is called smooth, if & = d—i and

d
y = d_i are continuous on [a; (] and

i+ #0
- ' ' .. dx
Definition 2. The curve AB in the space is called smooth, if & = dt’
d d
= d_i and 2 = d_j are continuous on [a; (] and

P40

Intuitively, a smooth curve is one that does not have sharp corners. The
next theorems remain without proof.

Theorem 1. If the function f(x,y) is continuous on the smooth curve
AB, then

B8
/ f(,y)ds = / Fl (), y(6)) /3 + Pt (8.4)
AB o

Theorem 2. If the function f(z,y, z) is continuous on the smooth curve
AB, then

B

/ flz,y,2)ds = /f[x(t),y(t), 2(t)|\/ 22 + g% + 22dt (8.5)
AB

«



If v(t) = (x(t),y(t), 2(t)) is the position vector of a point on the curve,
then the square root in the formula (8.5) is the length of ©(t) = (Z(¢),y(¢), 2(t))

ie [F(t)| = /2% + ¢ + 22. The formula (8.5) can be re-written as

B
/fm%@@:/}mmmmdmmma
AB @

Suppose the curve AB is a graph of the function y = ¢(z) given explicitly,
at the point A x = a and at B x = b. The curve is smooth, if there exists
¢'(z) on the interval [a; b].

Theorem 3. If the function f(z,y) is continuous on the smooth curve
AB, then

b
/&@wwzfﬁmwMVHw%x (3.6)

This theorem is the direct conclusion of Theorem 1 because treating the

d
variable x as the parameter, we have £ = 1 and y = d—y =1

Example 1. Compute the line integral / , where AB is the seg-

r—=y
AB
ment of the line y = 2z — 3 between coordinate axes.
The line is the graph of the function given explicitly. Therefore, we use
for the computation the formula (8.6).

At the intersection point by y axis x = 0 and at the intersection point by

3
raxisy =0,1.e. z = 7 To apply the formula, we find y = 2 and 1+y"2 = 5.

Thus,
_ _\/E/M
3—x
0

3 1
z—\/_(n——1n3) \/51n§:\/51n2
0

3

|35 - [ -

AB 0

= —/5In|3 —z|

Example 2. Compute the line integral / Vyds, where AB is the first

AB
arc of cycloid x = a(t —sint), y = a(1l — cost).

For the first arc of cycloid 0 < ¢ < 2. To apply the formula (8.4), we
find £ = a(1 — cost), §y = asint and

2 4+9* = a*(1—cost)*+a’sin®t = a*(1—2cost+cos® t+sin’t) = 2a*(1—cost)

3



By the formula (8.4)

Aé Vids = O/ Va(l = cost)/2a2(1 — cost)dt =

2w

= 2maV2a

0

2m
a\/%/(l — cost)dt = av2a(t — sint)
0

Example 3. Compute the line integral /(22 — /2% + y?)ds, where AB

AB
is the first turn of conical helix x = tcost, y = tsint, z = t.

For the first turn of conical helix 0 < ¢t < 27. Find & = cost — tsint,
y=sint+tcost, 2 =1 and
#* +9? + 2% = (cost — tsint)* + (sint +tcost)? +1 =
cos’t — 2tcostsint + t*sin®t +sin®t + 2tsintcost + 2 cos’ t + 1 = 2 + ¢2

By the formula (8.5) we obtain

27
/(22 — V2 +y?)ds = /(2t — V12 cos?t + 2 sin? HV2 + t2dt =
AB 0
2 2 2
1
/(Zt—t)\/2+t2dt: /t\/2+t2dt = 5/\/2+zf2d(2+t2) =
0 0 0
12+ 2+ 2+4n)V2 1 4% — 22
2 3,3 |, 3

8.3 Line integral with respect to coordinates

In the first subsection we defined the line integral for the scalar field.
Now we are going to define the line integral for the vector field. First we
consider the two-dimensional case. Let AB be the curve in the plain and

= (X(x,y);Y(x,y)) a force vector. Suppose that the force is applied to
an object to move it along the curve AB. The goal in to find the work done
by this force. To do it, we first divide the curve AB with the points

A=PFy, P, ..., Po.1, P, ..., P,=B
into subarcs Pf_l\Pk, where £k = 1, 2, ..., n and approximate any subarc

Pk/_173k to the vector P,_1 FPy.



Denote the coordinates of the kth partition point P, by xp and y, i.e.
. —_—
Pr(zk; yx) and the coordinates of the vector Py_1 Py by

AIk =T — k-1

and
AYy = Yk — Y1

that is
B

P, P, = (Ail?k:; Ayk)

EREE
Let As; be the magnitude of the vector Py_q Py:

Asp =/ Ax2 + Ay?

and A the greatest of all those magnitudes

A = max Asy
1<k<n

Next we choose a random point Qg(&;n,) on any subarc Pk/_l\Pk and
substitute on this subarc the variable force vector by the constant force vector

J?k = (X (& Me); Y (Ery k)

Recall that if a constant force ﬁﬁk is applied to an object to move it along
a straight line from the point P;_; to the point Py, then the amount of work

done Aj, is the scalar product of the force vector and the vector Pj_1Pj:
—
A = Fy - Poo1 Py = X (§, M) Az + Y Sy M) Ay

The total work done by the force vector F, moving an object from the
point A to the point B along the curve is approximately

n

> (X (&) Ay + Y (G i) A (8.7)

k=1

Approximately because we have approximated the subarc Pk/_}k to the
vector Pj_1 P, and the variable force vector F = (X(z,y);Y(z,y)) to the

%
constant vector Fr, = (X (&, mk); Y (ks Mk))-
Obviously, taking more partition points, the subarcs get shorter and the

vectors Pj_1 Py represent the subarcs P,_1 P, with greater accuracy. As well,



the constant vector ZF;: = (X (&, mk); Y (Eky i) represents the variable vector
F = (X(z,y);Y(x,y)) on Pp_1 Dy, with greater accuracy.

Definition. If the sum (8.7) has the limit as max Asy — 0 and this limit
does not depend on the partition of the curve AB and does not depend on
the choice of points 5 on subarcs, then this limit is called the line integral
with respect to coordinates and denoted

/ X(x,y)de +Y (, y)dy
AB
Thus, by the definition

/X(% y)de +Y (z,y)dy = lim D X (G m) Az + Y (Geomi) D] (8.8)
AB k=1

If AB is a curve in the space, then
s
Pr1Py = (Axy; Ayp; Az)

and the magnitude of this vector

Asy = \/sz + Ay + Az?
Also the force vector has three coordinates
F = (X (a0, 2):Y (2,9, 2)): Z(2,y, 2))

The line integral with respect to coordinates is defined as the limit

/ X(x,y,z)de + Y (z,y,2)dy + Z(z,y, z)dz

AB
n

A—0
k=1

We consider the properties of the line integral with respect to coordinates
for the curve in the plane. All of this discussion generalizes to space curves
in a straightforward manner.

Property 1. If C is a random point on the curve AB, then

/X(%y)dIJrY(w,y)dy: /X(x,y)dHY(x,y)d%/X(%y)dIJrY(w,y)dy
AB AC CB

(8.9)



To prove this property it is enough when starting to define the line integral
we choose C' as the first partition point. The further random partition of the
curve AB creates random partitions into the subarcs for the curves AC' and
CB. The integral sum over the curve AB is equal to the sum of integral
sums over the curves AC' and C'B

D X QoA+ Y(QuAw] = D [X(Qn)Azk + Y (Qr)Ayi] +

AB

AC
+ ) [X(Qr)Axy + Y (Qr) Ayi)
cD

Finally, the limit of the sum is the sum of the limits.

Property 2. If the curve is traced in reverse (that is, from the terminal
point to the initial point), then the sign of the line integral is reversed as
well:

/X(x, y)dr + Y (z,y)dy = — /X(x, y)dr + Y (z,y)dy (8.10)
BA AB

Proof. 1f we define the line integral traversing the curve in direction BA,
we choose the same partition points, which we have chosen in the definition
of the line integral in direction AB. Then instead of the vectors P,_1 P, we

—
have opposite vectors PP, = (—Axy; —Ay,) and at the point Qx(&x; k)
picked on the kth subarc the force vector is

F = (X (& m); Y (&)

Finding the limit as A — 0 of the integral sum

n n

D X (G ) (= Ak)+Y (G i) (= Agi)]) = = D [X (G i) Azi+Y (€, m) A

k=1 k=1

completes the proof.

8.4 [Evaluation of line integral with respect to coordi-
nates

Suppose that AB is a smooth curve in the plain

r=uxt), y=y(t)

and the functions X (z,y) and Y (x,y) are continuous on AB. Let at the
point A the parameter t = o and at the point B t = 3.

9



Theorem 1. If the functions X (z,y) and Y (x,y) are continuous on the
smooth curve AB, then

B
[ Xain ¥ @iy = [1X.90) +Ya@.o)id 610

«

Proof. We prove the first half of this equality, i.e.

B
X(z,y)de = | X(x(t),y(t))idt
feme]

Denote the function of the parameter ¢(t) = X (z(t),y(t)). The smoothness
of the curve AB means that x(t), y(t), & are § continuous on [«; S]. By the
definition of the line integral with respect to coordinates

max Az —0

/X@U,y)dfz lim Y X (&, ) Ay
AB k=1

If the point Py is related to the parameter t;, then zy = x(tx) and yx =
y(ty). By Lagrange theorem there exists 7, € (tx_1;%;) such that

Azy =z — xp = T(73) (te — th1) = () Aty

forany k=1, 2, ..., n.

In the definition of the line integral Q (&, m) is a whatever point on the
kth subarc, therefore the point related to the value of the parameter 7, can
be chosen, that is & = z(7%) and 7 = y(7). According to our notation

X (&kymi) = @(11) and

/X(:B,y)dx: lim Zg@(m)i(Tk)Atk
AB k=1

max Az —0

The inverse function of the continuous function z = z(t) is continuous.
Thus, Az — 0 yields At — 0 and also max Axp — 0 yields max Aty — 0
and

/ X(my)de = lm 3 o(n)i(n) Aty
AB k=1

max Aty —0

The limit obtained is the limit of the integral sum of the function ¢(t)x
over the interval [«; 5]. Consequently, the limit equals to the definite integral

B

/ o(t)xdt

«

10



According to the meaning of ¢(t)

B
X(z,y)de = | X(x(t),y(t))zdt
freme]

which is we wanted to prove.
In three dimensional case there holds the similar theorem. Suppose that
on the line AB

T = l’(t), Yy = y(t)7 = Z(t)

there is defined a vector function F(x, y,2) = X(z,y,2),Y(x,y,2), Z(x,y, 2).
Suppose again that at the point A the parameter ¢ = o and at the point B

t=0.
Theorem 2. If the functions X(z,vy,2), Y(z,y,2) and Z(x,y,z) are
continuous on the smooth line AB, then

t/XWWJﬂ$+Y@wwﬂﬂ+ZWWﬂWZ
AB

B

= /[X(w(t), y(8), 2(0)@ + Y (x(t), y(t), 2(1))y + Z(x(t), y(t), 2(t))2]di

(8.12)
Conclusion. Suppose the plain curve AB is the graph of the function
y = y(x) given explicitly and at the point A = = a and at B x = b. Treating

the variable x as a parameter, we obtain & = 1, y = ¢’ and by the formula
(8.11)

/X@@M+Y@m@=/wmmm+ymmmmm (5.13)
AB

a

Remark. Sometimes (especially for vertical lines) it is necessary to consider
y as the independent variable and x as the function x = z(y). Changing the
roles of the variables x and y, we get

/X(l‘, y)dr + Y (z,y)dy = /[X(l‘(y), y)z' + Y (x(y), y)|dy (8.14)
AB

a

A curve L is called closed if its initial and final points are the same point.
For example a circle is a closed curve. A curve L is called simple if it doesn’t

11



cross itself. A circle is a simple curve while a figure oo type curve is not
simple. If L is not a smooth curve, but can be broken into a finite number
of smooth curves, then we say that L is piecewise smooth. The line integral
over the piecewise smooth closed simple curve L is often denoted

7{)((1:, y)dx + Y (z,y)dy

The positive orientation of the closed curve L is that as we traverse the
curve following the positive orientation the region D bounded by L must
always be on the left.

Ay

Figure 8.2. The positive orientation

Example 1. Compute / x cos ydx — y sin xdy over the straight line from

AB
A(0;0) to B(m;2m).
The direction vector of the line is 1@ = (m;27m) and the parametric
equations
T =Tt
y = 27t,

At the point A the parameter ¢t = 0 and at the point B ¢ = 1. To apply the

12



formula (8.11) we find & = 7 and y = 2. By the formula
1
/ xcosydr — ysinzdy = /(ﬂ't cos 2t - m — 2wt sinwt - 27)dt
AB 0

1
e /[t(cos 21t — 4sinnt)|dt = . ..
0

The integral obtained we integrate by parts, taking
u=t, dv=cos2nt—4sinnt

Then

4
du=dt, v=—sin2nt+ — cosnt
2w s

and

1
! 1. 4
— — gin 2wt + — coswt | dt
0 27 s
0

4 1 4 !
—— + | ——cos2nt — — sin 7t = A4
0

T 472 2
Example 2. Compute 7{ (2% + y)dz + rydy, where L is the positively

9 1 . 4
=7 |t —sin27t + — cos 7t
27 ™

:7T2

L
oriented triangle OAB with vertices O(0;0), A(2;1) and B(0;1).

The triangle is sketched in Figure 7.3. Notice that the triangle is a simple
closed piecewise smooth curve, because it consists of three smooth lines. By
Property 1

j{(:c2+y)da:+xydy = /(:c2+y)dx+xydy+/(x2+y)d:c+:1:ydy+/(x2+y)d:c+xydy

L OA AB BO

By Property 2 the direction is important. Compute all three line integrals.
1

The side OA has the equation y = g, 0<z<2andy = 7 By the formula

(8.13)

2

2
2 (2t g (5L
/(x +y)da:+xydy—/(:r —|—2+x 5 Q)dx—/(4 +2)dx
0

OA 0

13



2Y

Figure 8.3. The positively oriented triangle OAB

The side AB has the equation y = 1, hence, ¢y = 0. At the initial point
A x =2 and at the end point B x = 0. Thus, by (8.13)

0 0
/(x2+y)dx+xydy:/(x2+1+x-1'0)d$=/(x2+1)dx
AB 2 2

The third side BO of the triangle is the vertical line x = 0, hence, 2’ = 0.
At the point B y = 1 and at the point O y = 0. To compute the third line
integral we use the formula (8.14)

0
/(x2+y)d:p+a:ydy:/[(0+y)-O+0-y]dy:0
BO 1

Therefore,

2 0
N 5r? N
(x* 4+ y)dx + xydy = v + 5 de + [ (z*+ 1)dx
L 0 2

Changing the limits in the last integral gives

2

2
]g(xz—l—y)da:—l—xydy:/(%—l—g—ﬁ—l) dx

L 0

2
2 x 3 22
—/(Z“f—?—l)dl‘—(ﬁ-f—z—l’)

0

We shall return to the last example once more.

2 9 1
N

14



8.5 Green’s formula

In this subsection we are going to investigate the relationship between
certain kinds of line integrals (on closed curves) and double integrals. Sup-
pose the functions X (x,y) and Y (z,y) are defined on the simple closed curve
L and in the region D enclosed by this curve.

Theorem (Green’s formula). If the functions X (z,y) and Y (z,y) are

continuous on the closed simple smooth curve L, the partial derivatives —

ox

and S are continuous in the regular region D and L is positively oriented,

Yy
j[X(as,y)d:v Y (2, y)dy = // (% _ %—j) dody  (3.15)

Proof. Suppose that L is the closed simple smooth positively oriented
curve AEBF A, where A is the leftmost and B the rightmost point on the
curve. Assume that the lower part AEB of the curve L is the graph of
the function y = ¢;(x) and the upper part AF'B the graph of the function

y = ©a().

then

2y

Figure 8.4. Positively oriented closed curve L and the region D, enclosed by
the curve

We shall prove the first part of this formula

X
jng(x,y)dx =— // %—yd:vdy
L D

15



The left side of this formula is by Properties 1 and 2 of the line integral with
respect to coordinates.

%Xxydx-/Xxydm—i—/Xxydx—/Xa:ydx—/Xxy

AEB BFA AEB AFB
Using the formula (8.13) gives

b

b b
F X@pis = [ X pro)de- [ X pate)dn =~ [X(rpa0)-X (0,1 (0))do
L a a a
(8.16)
Since the region of integration D is regular, it is determined by inequalities
< <band gy(a) < y < pafr), thus,

/ [ oty = / dww

In the inside integral the function of two variables X (x,y) is first differ-
entiated with respect to the variable y and then integrated with respect to
the same variable. The result is the same function X (z,y). Hence,

p2(z)

0X
/ oy

1(z)

SDQ(I)@X p2(2)
| Gyt=X@n| = X) - Xa)
p1(2)
p1(x)

which gives

// %_);dxdy: /[X(“”’%(“")) — X(z,1(2)))dz (8.17)

The results (8.16) and (8.17) differ only by sign, therefore,

fxteapar = [ i 519

In similar way we can prove that

}{Y(x,y)dy :/ aa—};dxdy (8.19)
D

L

16



Adding two equalities (8.18) and (8.19), we obtain (8.15).
Remark. If the curve is piecewise smooth, the proof is nearly the same.
Example. Let us compute the line integral

%(ﬁ + y)dzx + xydy
L

given in Example 2 of the previous subsection once more, using the Green’s
formula.

Here X (z,y) = 2® +y and Y (z,y) = zy. To apply the Green’s formula

(8.15) we find o =Y and v 1. Let D be the region bounded by L. By
R y
the formula (8.15)
j{(xQ + y)dx + zydy = //(y — 1)dxdy
L D

Using Figure 7.3, we determine the limits of integration 0 < x < 2 and
g <y < 1. Hence,

2 1

f(aﬂ + y)dz + xydy = /dm/(y — 1)dy

L 0

(M)

Find the inside integral

1 1

/(y—l)dyz/(y—l)d(y—l)z v—-1)

2 z 2 8
3 3
and the outside integral
1z —27°" 1(-2) 1

ool =

8 3

[l

8.6 Path independent line integral

/2(33—2)261(95_2) - -

s 8 3 3

In this subsection we find out in what conditions the line integral

/ X(z,y)de + Y (z,y)dy (8.20)
AB

17



depends only on the endpoints A and B of the line but not on the path of
integration.
Assume that in the region D containing the points A and B the functions

X(x,y) and Y (x,y) and the partial derivatives M and B e continuous.
Y x
Let’s choose two whatever curves AEB and AF B in the region D joining

the points A and B.

Figure 8.5. Two curves between A and B

So, we want to know in which conditions for any curves AEB and AFB

/Xd:z:+Ydy: /Xd:c—l—Ydy

AEB AFB
i.e.
/ Xdx +Ydy — / Xdr+Ydy=20
AEB AFB

By Property 2 of the line integral with respect to coordinates

/de+Ydy+/de+Ydy:0

AEB BFA

and by Property 1
/ Xdr+Ydy =0

AEBFA
Denoting the closed curve AEBF A = L, we obtain the condition

18



7{de +Ydy=0 (8.21)
L

This condition we obtain for any curves between any two points A and
B in the region D. We shall call the curve joining the points A and B the
path of integration.

Consequently, if the line integral (8.20) is path independent, then for each
closed curve L in the region D there holds (8.21).

On the contrary, suppose that for any closed curve L in the region D there
holds (8.21). For any two points A and B in the region D we can choose the
closed curve L so that these two points are on the curve L = AEBFA. By
the condition (8.21)

j{de—l—Ydy: / Xdr+Ydy =0
L

AEBFA

Property 1 of the line integral with respect to coordinates yields

/de+Ydy+/de+Ydy:0
AEB BFA

and Property 2

/deJrYdy— /Xd:}:+Ydy:O
AEB AFB

or
/de+Ydy: /de—i—Ydy

AEB AFB

Since L is whatever closed curve passing A and B, we have two random paths
of integration AEB and AF'B joining the points A and B. Consequently,
there holds.

Theorem 1. The line integral (8.20) is path independent in the region
D if and only if for any closed curve L in the region D there holds (8.21).

Next, suppose that for every closed curve L in the region D there holds
(8.21). By the assumptions made in the beginning of this subsection there
holds Green’s formula. Denote by A the region enclosed by the closed curve
L. According to Green’s formula (8.15)

oY 0X
// (%‘a—y)dmy—o
A

19



Then also
Y 0X B

————=0 8.22
or Oy ( )
To prove it assume that at some point Fy € D
oy 0X
— ———>0 8.23
or Oy (8:23)
)% 0X
Since s and 5y e continuous, the point B has the neighborhood U(F)
Z )

such that in this neighborhood there holds (8.23). But then

Y 0X
U(Po)

and if I" is the boundary of the neighborhood U(F,), then by Green’s theorem

jl{de—l—Ydy>0
r

which contradicts the assumption. Thus, the condition (8.23) is not valid,
therefore, there holds (8.22) or

ov _ox

oz oy

On the contrary, if there holds (8.24) and L is the closed curve enclosing

the region A, then
aY 0X
— — — | dxdy =
//((% ay) =0
A

which by Green’s formula yields (8.21).

Now Theorem 1 gives us the following theorem.

Theorem 2. The line integral (8.20) is path independent in the region
D if and only if in the region D there holds the condition (8.24).

The path independent line integral (8.20) is also denoted by

(8.24)

B
/ Xdxr +Ydy
A
Example 1. The line integral
B
/(233 cosy — y?sinz)dr + (2y cos v — 2” siny)dy
A

20



is path independent because

8—(2y cosx — w?siny) = —2ysinz — 2z siny
x
and 5
8—(2x cosy — y*sinz) = —2wsiny — 2ysinx
Y
Example 2. Compute
(2,1)
2zydr + r3dy
(0,0)

This line integral is path independent because

8(m2) B
g = 2z
and o(22y)
Ty
=2
oy v

Thus, we can choose whatever path of integration joining the points (0;0)
and (2;1). Let’s choose the broken line OBA, where O(0,0), B(2;0) and
A(2;1). Usually, choosing the kind of broken line, whose segments are parallel
to coordinate axes, gives us the most simple computation.

2 Y

Figure 8.6. The broken line OBA

By Property 1 of the line integral with respect to coordinates

(2,1) (2,0) (2,1)
2rydr + x°dy = / 2zydx + vdy + / 2zydr + r3dy
(0,0) 0,0 (20)
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The equation of the line OB is y = 0, which gives ' = 0. On the segment
OB 0 < z <2 and by the formula (8.13)

(2,0) 2
2xyda:+x2dy:/ (22-0+2%-0)dz =0
0

(0,0)

The equation of the line BA is x = 2, i.e. 2/ = 0. On the segment BA
the variable 0 <y < 1 and by the formula (8.14)

(2,1) 1

/ 2rydr + 2°dy = /(4y-0+4)dy =4

(2,0) 0
Hence,
(2,1)
/ 2uydr + v dy = 4
(0,0)

If there exists a function of two variables u(z,y) such that the total dif-
ferential of this function is

du = X (z,y)dx + Y (z,y)dy

ou ou
ie. X—% and Y = ay,them
0X _ o
dy  0xdy
and
v _ Pu
or  Oyox

Because of continuity the condition (8.24) holds.

Recall that the vector field F = (X (z,y),Y (x,y)) is conservative, if Fis
the gradient of a scalar field u(z,y) and the function u(z,y) is the potential
function of F'. Then du = X (x,y)dz + Y (x,y)dy is the total differential of

u(z,y) and the condition (8.24) holds.

Conclusion 1. For the conservative vector field F = (X(z,y),Y(z,y))

the line integral (8.20) is path independent.
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Conclusion 2. For the conservative vector field F = (X(z,y),Y(x,y))
the line integral over any closed curve L

%X(x, y)dx + Y (z,y)dy =0

Conclusion 3. If u(x,y) is the potential function of the conservative
vector field F = (X(z,y),Y(x,y)), then

B B 5
/Xxydx—i—ny /du ) = u(z,y)
A A A

8.7 Surface integral of scalar fields

In mathematical analysis, a surface integral is a generalization of multiple
integrals to integration over surfaces. It is like the double integral analog of
the line integral. One may integrate over given surface scalar fields and vector
fields. Let’s start from the integration scalar fields over surface.

Suppose that the function of three variables f(z,y, z) is defined on the
surface S in the zyz axes. Choose whatever partition of the surface S into n

Figure 8.7. The surface S and its subsurface

subsurfaces Aoy, (1 < k < n), where Aoy, denotes the kth subsurface as well
as 1ts area.

23



On any of these subsurfaces we pick a random point Py (&; m; Cx) € Aoy
and find the products

Adding those products, we get the integral sum of the function f(z,y, z) over
the surface S

> f(P)Aoy
k=1

The greatest distance between the points on the subsurface is called the
diameter of the subsurface diam Aoy. Every subsurface has its own diameter.
In general those diameters are different because we have the random partition
of the surface S. Denote the greatest diameter by A, i.e.

A = max diam Aoy,
1<k<n

Definition 1. If there exists the limit
lim ; f(Py)Aay,

and this limit does not depend on the partition of the surface S and does
not depend on the choice of points P, on the subsurfaces, then this limit is
called the surface integral with respect to area of surface and denoted

//f(x,y, 2)do
S

By Definition 1

J[ 102100 = i 3 (R0 Aoy
s k=1

Sometimes the surface integral with respect to area of surface is referred as
the surface integral of the scalar field. The properties of the surface integral
with respect to area of surface are familiar already. While formulating the
properties, we use the term ”surface integral” and ”with respect to area of
surface” will be omitted.

Property 1. The surface integral of the sum (difference) of two functions
equals to the sum (difference) of surface integrals of these functions:

J[vte.s.2) 2w 21do = [[ 5600230 % [[ w200
S S S
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Property 2. The constant factor can be taken outside the surface integral,
i.e. if ¢ is a constant then

//cf(x,y,z)da:c/ f(z,y,2)do

Property 3. If the surface is the unit of two surfaces, S = S; U Sy and
S1 and Sy have no common interior point, then

//f(x,y,z)da://f(x,y,z)da—|—//f(:c,y,z)da

Suppose the surface S is the graph of the function of two variables
z = z(x,y). Denote by D the projection of the surface S onto xy plane.
The surface S is called smooth if the function z(z,y) has continuous partial

0z 0z
derivatives — and — in D.

ox dy

The following theorem gives the formula to evaluate the surface integral
with respect to area of surface.

Theorem. If the function f(z,y, z) is continuous on the smooth surface
S and D is the projection of S onto zy plane, then

//fxy, da—/ Fla,y, =( a:y)\/l (g;) +(§Z) drdy  (8.25)

Thus, in order to evaluate a surface integral we will substitute the equa-
tion of the surface in for z in the integrand and then add on the factor square
root. After that the integral is a standard double integral and by this point
we should be able to deal with that.

If the function f(z,y,z) = 1 on the surface S, then the formula

[fo- [ G Gom o

gives us the area of the surface S.

Example 1. Evaluate //(a:Q +y* 4 2%)do, if S is the portion of the cone

S
z=+/x?+y?% where 0 < z < 1.

The plane z = 1 and the cone z = \/x? + y? intersect along the circle

$2_|_y2:1
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105)

Figure 8.8. The portion of cone in Example 1

The projection of the portion of the cone onto xy plane is the disk z2+y? < 1.
To apply the formula (8.25) we find

%_ T
8$_1/Q;2—|—y2
0z Y

dy Va2 + y?

92\ > 92\ > x? y?
\/H<@) +(6‘_y> _\/H:E?er?Jr:c2+y2_\/§

By the formula (8.2

//x+y + 22 da—//x+y +z +y)\/_dsndy—2\/_//:£+y Ydxzdy

The region of integration D in the double integral obtained is the disk of
radius 1 centered at the origin. To compute this double integral we convert
it into polar coordinates z = pcosy, y = psinp. Then 2?2 + y? = p* and
I =p.

The region of integration in polar coordinates is determined by inequali-
ties 0 < p <27 and 0 < p < 1. Hence,

2 1
2\/5//(:162 + y?)dxdy = Qﬂ/dw/prdp
D 0 0
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First we compute the inside integral

1

1
3dp = =
/pp 4

0

and finally the outside integral
2w 2m
1 2
2\/§/Z—ldg0:\/7_/dcp:7r\/§
0 0

Example 2. Compute the area of the portion of paraboloid of rotation
z = 22 + 32 under the plane z = 4.

05

Figure 8.9. The paraboloid of rotation in Example 2

The projection D of the portion of paraboloid of rotation onto zy plane
is the disk 22 + 3% < 4 of radius 2 centered at the origin.we find

0z

ZZ 9

ox v
27



0z
==
dy 4

and

- 0z 2+ 9z’ ()
- _ — x
Oz Oz Y
Thus, by the formula (8.26) the area of the portion of paraboloid of rotation

is
//da://\/1+4x2+4y2dwdy
S D

The double integral obtained we convert to polar coordinates x = pcos ¢,
y = psing. Then 1 + 4% 4+ 4y* = 1 + 4p? and |J| = p and the region D is
determined by 0 < ¢ < 27 and 0 < p < 2. Therefore,

2 2
/ V14 4x? + 4y’ dedy = /dgp/\/1+4p2pdp

D 0 0

To find the inside integral we use the equality of differentials d(1 + 4p?) =
8pdp, which gives

2 2
1
/\/1+4p2pdp:g/\/1+4p28pdp

0 0

2

1 1(1+4p2)2|?
— g/(1 +4p%)2d(1 + 4p7) = 5%
— 0
0
2
1 o ——|°  1TVIT—1
0

The outside integral, i.e. the area to be computed is

21
1717 — 1 /d _IWIT—1 r(TVIT - 1)
12 LT B 6
0

8.8 Surface integral with respect to coordinates

Suppose that S is a surface in the space and let Z(z,y, z) be a function
defined at all points of S. Choose a whatever partition of the surface S into n
nonoverlapping subsurfaces Aoy, (1 < k < n). In any of these subsurfaces we
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pick a random point Py (&x; mk; k) and compute the value of function Z(Fy).
Let us denote by As;, the projection of Aoy onto zy plane, where As; denotes
also the area of this projection. Next we find the products Z(Py)As; and
adding these products, we get the sum

i Z(Pk)ASk

k=1

which is called the integral sum of the function Z(x,y, z) over the projection
of surface S onto zy plane. Let diam As; be the diameter of As,. We have
a random partition of the surface S, hence the diameters of these projec-
tions are different. Denote by A the greatest diameter of the projections of
subsurfaces Aoy, i.e.

A = max diam Asy,
1<k<n

Definition 1. If there exists the limit

n

/l\lir(l) £ Z(Pk)ASk

and this limit does not depend on the partition of the surface S and it is
independent on the choice of points P, in the subsurfaces, then this limit is
called the surface integral of the function Z(z,y, z) over the projection of the
surface onto xy plane and denoted

é / Z(w,y, 2)ddy

Thus, by the definition
// Z(x,y, z)dzdy = /1\12(1); Z(Py)Asg (8.27)
S —

Second, suppose that the function of three variables Y (z,y, 2) is defined at all
points of the surface S and that As) is the projection of Aoy, onto zz plane.
Choosing again a random point P, € Aoy, we find the products Y (Py)As).
The sum of these products

Y Y(B)As;

k=1

is called the integral sum of the function Y (z,y, z) over the projection of S
onto xz plane.
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Definition 2. If there exists the limit
: /
/l\lir(l) ; Y (P)As),

and this limit does not depend on the partition of the surface S and it is
independent on the choice of points P, in the subsurfaces, then this limit is
called the surface integral of the function Y (x,y, z) over the projection of the
surface onto xz plane and denoted

é/Y(:E,y,z)dwdz

By Definition 2
— |3 /
// Y(x,y,2)dxdz = /1\13(1] ; Y (Py)Asy (8.28)
g —

Third, suppose that the function of three variables X (z,y, z) is defined
at all points of the surface S and Asj is the projection of Aoy, onto yz plane.
We choose again random points P, € Aoy and find the products X (Py)As).
The sum

> X(P)As]
k=1
is called the integral sum of function X (x,y, z) over the projection of S onto

yz plane.
Definition 3. If there exists the limit

n

lim » X(Pp)As)
A—0 T

and this limit does not depend on the partition of the surface S and does
not depend on the choice of points P, in the subsurfaces, then this limit is
called the surface integral of the function X (x,y, z) over the projection of the
surface onto yz plane and denoted

/ / X (2., 2)dydz

By Definition 3

// X(x,y, z)dydz = }\1_)1% ; X (Py)As), (8.29)
S —
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In general we define the surface integral over the projection of the vector
function

Fa,y,2) = (X(2,9,2); Y (2,9, 2); Z(x, 9, 2))

as
// X(x,y, 2)dydz + Y (v,y, z)dxdz + Z(x,y, z)dzdy (8.30)
S

Remark. Sometimes the surface integral over the projection is also re-
ferred as the surface integral of the vector field.

8.9 Evaluation of surface integral over the projection

Consider the evaluation of the surface integral over the projection onto

xy plane
// Z(x,y, z)dxdy
S

Suppose that the smooth surface S is a graph of the one-valued function of
two variables z = f(z,y). Since the function is one-valued, any line parallel
to z axis cuts this surface exactly at one point.

Definition 1. A smooth surface S is said to be two-sided or orientable,
if the normal vector, starting at a point in the surface and moving along any
closed curve not crossing the boundary on the surface, is pointing always in
the same direction.

Figure 8.10. Two-sided surface
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A well known example of the surface, which cannot be oriented is the
Mbius band. It consists of a strip of paper with ends joined together to form
a loop, but with one end given a half twist before the ends are joined.

For a two-sided surface we differ the upper and the lower side of the
surface. The upper side of the surface is the side, where the normal vector
forms an acute angle with 2z axis. The lower side of the surface is the side,
where the normal vector forms an obtuse angle with z axis.

z

Figure 8.11. The upper and the lower side of surface

The evaluation of the surface integral over the projection depends on
the side of the surface over which we integrate. If the function Z(x,y, z) is
continuous at any point of the smooth surface z = f(z,y), then the surface
integral over the projection onto xy plane is computed by the formula.

é/ Z(x,y, z)dxdy = ié/ Z(z,y, f(z,y))dzdy (8.31)

On the right side of this formula is a standard double integral, where D
denotes the projection of the surface S onto xy plane. Using this formula,
we choose the sign "+, if we integrate over the upper side of surface and we
choose the sign ”—", if we integrate over the lower side of the surface. So,
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for any problem there has to be said over which side of the surface we need
to integrate.

If the function Y (z,y, z) is continuous at any point of the smooth surface
y = g(z,z), then the surface integral over the projection onto xz plane is
computed by the formula

é / Y (2,9, 2)dadz = + Z / Y (2, g(z, 2), 2)drd> (8.32)

In this formula D" denotes the projection of S onto xz plane and the choice
of the sign 4+ or — depends on over which side of the surface the integration
is carried out (i.e. does the normal of the surface forms with y axis acute or
obtuse angle).

If the function X (x,y, z) is continuous at any point of the smooth surface
x = h(y, z), then the surface integral over the projection onto yz plane is
computed by the formula

[ Xyt == [[ Xhw ) poiipa: (39)
S D//
Here D" denotes the projection of S onto yz plane and the choice of the sign
+ or — depends on over which side of the surface the integration is carried
out (i.e. does the normal of the surface forms with = axis acute or obtuse
angle).
Example. Compute the surface integral

/ / 22dxdy
S

where S is the upper side of the portion of cone z = /22 + 32 between the
planes z = 0 and z = 1.

This portion of cone is sketched in Figure 8.8. The projection D onto xy
plane of this portion of cone is the disk z* + y* < 1. Hence by (8.31)

/ / 2dxdy = / / (2% + y*)dxdy

Since the region of integration is the disk, we convert the double integral into
polar coordinates. For this disk 0 < ¢ < 27 and 0 < p < 1, thus,

27 1
//(:v2+y2)dxdy = /dso/pg-pdp
D 0 0
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Now we compute

and
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