Exercises of Higher mathematics 1

Homework 1

1.

10.
11.
12.
13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

. Find the domain of the function y = /3 — x + arcsin

. Find the inverse function of the function y =

1
z+5
3 —2x

Find the domain of the function y = log(—x) +

. Find the domain of the function y = v/sinz + V16 — z2.

r—5
z2 — 10z + 24

Jx +5.

Find the domain of the function y = In

. Find the range of the function y =1 — 2sin .
. Find the domain of the function y = v/3 + 2z — z2.

Find the inverse function of the function y = 22 — 4x + 3.
2$
142

. Find the inverse function of the function y = 1 — log(3 + €”).

Find the inverse function of the function y = 4 arcsin V1 — 22,
Transform the function logy y — logs(x — 1) = 3 to explicit form.
Transform the function (1 + z)cosy — 22 = 0 to explicit form.
Draw the graph of the function y = |z| — «.

3 5
Is the function y = x — % + 13:—20 even, odd or neither?

Is the function y = x(5* — 577") even, odd or neither?

Is the function y = z* — 223 + = even, odd or neither?

1—
Is the function y = x - In < even, odd or neither?
1+z
14z 14z
Fi if = .
o 1 (12) s - L2

Find f{f[f()]}, if f(z) = 2% — L.

Homework 2

In exercises 20. - 39. evaluate the limits.



23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

. 1 1
11m -
e=2 |z(x —2)2 22 —-3x+2

. Vlt+zrz—V1-2z
lim

z—0 T

o 2—+/x—-3
lim ———+——

z—7 1‘2 —49

VITT- e

lim
h—0

x?
lim ————
20 1 — V1—x?
1 2

i (x+1)(z+2)
T—00 212

10 4 2°
lim
z—o0o 1 — 25

. 1 — 222 + 324
hm —_—
T—00 1+ 213

99 -1
a:ll{go 2100 4 1

tan 2z
lim —
z—0 sin bx

1—cosdx

lim -
z—0 xsin2x

lim (— — x) tan x
T
4\ 2
lim (1 + >
T—>00 €T
2
) (:1:2 + 2) v
lim 3
z—oo \ 1% — 1
. 2z — 3\ 2
lim
z—oo \ 22 4 1
2
lim (1 + )=
z—0
1
Using the definition of the derivative, prove that (yz) = ——
2\
: i o IR 1
Using the definition of the derivative, prove that | — | = 2
x



42.

43.
44.

45.

46.
47.

48.

49.

50.

ol.

52.

53.

54.
55.
56.
o7.
58.

59.

60.

61.

62.

Homework 3

In exercises 42. - 50. find the derivative of the function and simplify, if possible.

_ 1 — 22
y_$2+$3
y = logg(2? + 21 + 4)

y:x-lOﬁ

y:ln<x+\/1+ﬂ:2> — V1 + 22

Yy = N9 4 6¢/29

y =1In(e® cosz + e *sinx)

1 1
y = 7(3—:U)\/1—23:—:U2+2arcsinx+

2 V2
322 —1 5
Y= "33 +1In+v1+ 2?4+ arctanx
sin? z cos? z
Y

- 1+ cotx + 1+ tanx
Evaluate 2/(0), if z(t) = (\/ﬁ—i- 1) t.

The angle of rotation o of the belt drive depends on time as o = t?+3t —5. Evaluate

the angular speed at ¢t = 5.

Find the slope of the tangent line of the graph of the function y =

point with abscissa x = 2a.

Homework 4

Find v/, if * 4+ y* = 224>

Find ¢/, if ysinz — cos(x —y) = 0.
Find ¢/, if 2ylny = x.

Find 3/, if 2% 4 2Y = 2719,

Find ¢/, if y = T

Findy’,ifyz( a > .

1+
vV —2
Find ¢/, if y = 1:75
(x + 3)3Va?
. dy :
Find T if v = t(1 —sint), y = tcost.
x

Find the slope of the tangent line of the ellipse x = 2cost, y = sint at the point

A (l; —\/§> .
2

8a?

4a? + 22



63.

64.

65.
66.
67.
68.

69.

70.

71.

72.

73.

74.

75.

76.

e

78.

79.

80.

81.

Homework 5

Express the differential dy of the function y = xe

x
Evaluate the differential and the increment of the function y = In R

1
d Az = —
and Az = oo

Using the differential of function, evaluate the approximate value of In 1,01
Using the differential of function, evaluate the approximate value of /16,64
Find ", if y = V1 + 22

Find ¢”, if y = z(sinlnx + cosIn z)

d3y

: _ 2
Find 73 for y = In(1 + z°)
Evaluate V(1) if f(x) = 2% — 423 + 4

Find y(™ of the function y =

n

d
Find &Y fory=2x-2%
dx™

Homework 6

In exercises 73. - 80. evaluate the limits using the L’Hospital’s rule.

Vi- V2

lim ——

a:l—>InZ f — \/i
et _ ebx

lim

z—0 2z

. w—2arctanx
lim

T [ee] 1
7 I <1+>
i

lim z3e”
Tr—r0o0

b (L
a:l—>ml Inz Inzx

lim 21"
z—0

1 X
lim <>
z—0 \ T
1

lim (e” 4+ x)=.

z—0

Using the Taylor’s formula, expand the function f(z) = 2% — 32341 in powers z — 1.




82.

83.

84.

85.

86.

87.

88.

89.

90.

91

92.

93

94.

95

96.

(@)

97

Compose the second order Taylor’s formula of the function y = sin? z in the neigh-

borhood of g = 0. Using the polynomial obtained, evaluate the approximate value
of sin?0, 3.

Compose the third order Taylor’s formula of the function y = 2®Inz in the neigh-
borhood of zy = 1.

Homework 7

Find the intervals of increase and decrease of the function y = li
nz
In given closed interval [0; 27| find the intervals in which the function y = 2sinz +

cos 2z is increasing and decreasing.

Find the local extrema of the function
y=2x—In(l+x).

Find the local extrema of the function
y=(x—5)2Y(x+1)2.

Find the local extrema of the function

Yy =2xsinx + cosx — Zmz in the closed interval [—g; g}

Find the domains of convexity and concavity and the inflection points of the graph

f the functi = —.
of the function y 213

Find the domains of convexity and concavity and the inflection points of the graph
of the function y = e,

Homework 8

In exercises 91. - 114. find the indefinite integral
/ Va2 — Yz
——dx
NZA
(s' ’ + cos x>2 d
in— +cos—| dz
2 2

/ex(l + 2% ") dx

/ cot? zdx
/ dz
V2 — 3x2

/ (14 222)dax

z2(1 + 22)

/ dx
32 +1




08, /1+C082xdw
1+ cos2x

dx
99.
/ x2—5

Homework 9

100. /\/5 — 2xdx

3

101. /m
vzt +3

102. /tana:dx
103. /sin4:z:cosxdx
104. / ctdz

et + 2
105. / du

zlnx

xdxr
106.
06 /x4+1

dzx
107. /
zvV 1 — In?z
1+2
108. ——dx
V1—22

109. /(:E + 2) sin 2zdx

110. / x3%dx

111. /1n(x2+1)dx
112. /arccosxdac
2x + 3
113. d
/330—1—2 o

3
114. /x du
z+1




115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.
126.
127.

128.

129.

130.

131.

Homework 10

In exercises 115. - 124. evaluate the definite integral
/16 dx

o Vr+9—x
/2 exdr

o a?
/63 da

1 zv1+1Inzx
/1 dx

o T2 +4x+5
/2 dx

1 T+ 22

™

2
/ cos® z sin 2zdx
0

/ 22 sin zdx

0

/g xdxr
= sin®x
4
e—1

/ In(z + 1)dz
0

/1 Vadz
0

1+x

Homework 11

Determine the area between the parabolas 32 + 8z = 16 and y? — 242 = 48.
Determine the area of the region bounded by the astroid z = acos®t, y = asin®t.
Determine the area of the region bounded by the limagon of Pascal ¢ = 2a(2+cos ¢).

Determine the length of the arc of the curve y = In(1 — 2?) between x = 0 and
1

r=—.

2

Determine the length of the curve y = v& — 22 + arcsin \/z.

Determine the length of the arc of the curve x = a(cost+tsint), y = a(sint—t cost)
between t =0 and t = 7.

Determine the length of the arc of the hyperbolic spiral g = 1 between ¢ = % and

p=13



Homework 12
1. Perform the calculations and express the result in the form a + b.
(3—-2)2—(3+20)% b (1+2)° ¢ (L+i+i2+43)1
" 4 — 3i ) (1+2i)% — (1 —14)? f) (1—i>8
1+’ (3+2i)3 — (2+14)%’ i+1/
2. In each part solve for z:
a) (i—2z)4(2z—3i) = -2+ Ti,
3. In each part plot the point and sketch the vector that corresponds to the given

a)

b) (4-3i)z=1i.

complex number.
a) 2+ 3i, b)

4. In each part express the complex number in polar form using its principal argument
a)2i, b) —4, ¢)5+5i, d) —3—3i, e)2V3—2i, f)—6—6V3i.

5. Given that z1 = 2(cos § +isin 7) and 2z = 3(cos § +isin §), find the polar form of

—3-2, ¢ —5i, d = —2-2i

3

Al Z
a) zze b) > c) z%
1

6. Express z; =i, 20 = 1 —iv/3 and 23 = /3 +1 in polar form and use these results to
find % Check your results by performing the calculations without using polar forms.

Homework 13
1. Express the given complex numbers in algebraic form, in polar form and as a point or
a vector in a complex plane.
1 1
7= ——, 29 = —
103 2 2(cosg —ising)

2. Find the modulus and the principal value of the argument of the complex number

z=(1—i)"3+ 3i)°

3. Calculate using polar forms

(1+414)(1 — /3i)? —V/3 i\ 40
) Srse—zp Y (1_\/32-)

4. In each part find all the roots and sketch them as vectors in the complex plane.

a) V=i b V1 ¢) \/—8+8V3i

5. Find f
3 —i\24 24
@) (1_ 2 ) b | '

5[ (2V2 +1i2v/2)? . ,
c) \/M d) 1+51—




Homework 14

3 0 1 5 2
1. Let A=|—-1 2 ,B:(é _21>,C:(§ ‘11 g) and D= |—1 0 1]. Find the
1 1 3 2 4

following matrices (if possible):
X =(-AC)T +5DT) Y = AT(2C — BAT)T, W = BT (CCT — AT A).

L2 1 -2 3
2. Let K=1(3 0| and L = . Find KL and LK.
4 5 0
5 6
1 -3 2 2 5 6
3. Let M=13 —4 1]land N=|1 2 5])]. Find MN —-—NM.
2 -5 3 1 3 2

4. Find FGH, if

991 992 993

12 -6 -2 11

RO T AR e O I P
997 998 999 or 19 -
1000 1001 1002

5. Let P and @Q be the matrices of size 2 x 2.
a) Give an example in which (P — Q)? # P? — 2PQ + Q°.
b) Fill in the blank to create a matrix identity that is valid for all choices of P and Q:

(P-QP=P*+Q*+ oo

Homework 15

1. Solve the linear systems using Gaussian elimination

T +x0+ 223 =8 20 — y—32=0
a) —11 — 2w9 + 323 =1 b) —r+2y—32=0
3r1 — Txo + 423 = 10 x4+ y+4z=0
2. Reduce
2 1 3
0 -2 -29
3 4 5

to reduced row-echelon form without introducing any fractions.
3. Solve the linear systems using Gaussian elimination and check your answer.

201 — xo+3x3+4x4 =9 201 —xo+2x3+224 =3
a) T —2x3+ Txy =11 ’ b) 3x1 +2x3—x24 =7 ’
3x1 —3x0 4+ 3+ 514 =8 —x1 + 229 +x4 =1
201 + xo + 43 +4xy = 10 x1 + 3x9 + 4x3 =12
911 — 2290 + 2203 — 324 = —15 3r1+ 210 —4xs + x4+ x5 = 11
c) 11z — 49 + 323 — by = —26 , d) T1+ 29 — 223 + 224 — x5 = 12

—18x1 + 5x9 — 4x3 4+ Txy = 35 1+ X9+ 223 — x4 + 25 =8



,

T + 10z3 — 4x =1
20 +2y+4z =0 ! ’ *

1+ xo+4x3— 24 =2
w —y—3z =0

e) ;) 221 + 39 + 213 + 24 =5
2w+3r+y+z =0

—2x1 — 229 — 813 + 224 =—4

—2w+4+zrz+3y—2z =0

To — 6x3 + 324 =1

Homework 16

1. Check the consistency of the system. If the system is consistent, then find the solution.

r+2y+3z+u =1 201 — 2x9 + x3 — T4 =1
u 2c+3y+2+2u =4 ’ ) T1 + 229 — x3 + 14 =1
3x+y+2z—2u =2 4x1 — 1029 + b3 — by =1

4y + 2z + du =3 201 — 14xo + T3 — Ty = —1

T, — 210 +x3 —4xy =1
c) x1 + 3w + Tag + 204 = 2
xr1 — 1229 — 113 — 1624 = 5

2. For which values of A does the system of equations
(A—=3)x+ y =0
zr+A=3)y =0

have nontrivial solutions?
3. For which values of a will the following system have no solutions? Exactly one
solution? Infinitely many solutions?

x4+ 2y — 3z =4
3r —y + 5z =2
dr+y+(a®>—-14)2 =a+2

4. How does the existence and number of solutions depend on parameters a and b.
r+ay+4z =4
Sr+y+2z =3
3r—y+z =b
Homework 17

1. Find the inverses of the given matrices and check the result

1 110 32 1 2
;;j -1 210 75 2 5
2_10’ 1 410 oo 9 4]’

0 0 0 3 0 0 11 5

2. Solve the matrix equation (find the matrix X).

o G)x (G D)0 )

(@ 5)



2 =31 9 7 6 2 0 -2
b) 4 =5 2|1X[|1 1 2)=(18 12 9
5 =7 3 1 11 23 15 11
1 -1 1 2 -1 5 7 8
c) 2 3 0)JX=(4 0 -3 01
0 2 -1 3 5 =7 21
-1 0 1
o x(1 0o )-(1 )
3 1 -1

Homework 18

Find all solutions of the differential equation:

1. yy=1
2. 2x\/1—y2+yy =0.

3. 22%yy 4+ 9° =2.

Find the solution of the differential equation using the additional equation:

)=1.

4. dysinx —ycoszdr =0, y(g

5. sinzsinydz 4+ cosx cosydy = 0, y(%) = Z

Solve the differential equations using appropriate change of variables:
6. 3 =(x+y)?

7. ¥V =Vy—xz+1

Homework 19

Solve the differential equations:
1.y +ycosx = e~ 0%

xdy + (22 — y)dz =0

y=2x(y —xcosx)

22y + (1-22)y—22=0

v =Ty +12y =0

y' +6y +9y=0

yll+2y/+5y:0

N O U W



Homework 20

Solve the linear differential equations:
1.y — 7y + 12y = 122
4y" + 8y =sinzx
y" — 6y’ + 9y = 25e%sinx
Y +y =3
y" + 8y = 8
Y —y = de®
y/// _ y// — 121,2 + 6z
y"” — 3y’ + 2y = 2, if in addition y(0) = 2 and 3/(0) = 1.
y" — 5y + 6y = e~ *, if it is known that in addition y(0) = 0 and ¢'(0) = 0.

©o0oNo oA N

Homework 21

1. Evaluate the determinants

2 13 1 0 1 11 6 3 2 3
1011 s 5 1 3 |4 2 1 2
0210’%%%0’2—1—31’
0123 |- 300 |1 -3 4 -3
2 -3 7 1 9 11 012345
1 0 3 0 -4 0 101234
7 4 9 -1 11 -5 210123
1 0 -1 0 1 0" (321012
9 —4 11 1 13 2 432101
4 0 1 0 -1 0 543210

12) 1 -2 3

2. Find det(AB),if A= |3 0] and B = ( >

g 4 5 0

CD) = det(C)det(D) holds for the matrices
210 1 -1 3
C=13 40 and D=|[2 1 4
0 0 2 5 0 6

Homework 22

1. Find the eigenvalues and eigenvectors of the following matrices

4 -2 -3
a) (1 2 1],

11 2

1 3 0

]
|

—_

—_



Answers

1. X = (—o0;—5) U (—5;0); 2. X =[-1;3]; 3. X = [—4;—7]U[0;7; 4:
X = (4;5) U (6;00); 5. Y =[-1;3] 6. Y = [0;2]; 7. y:2:t\/1+a:' 8.
y = log, T 9. y=1In (101’x — 3); 10. y = :I:cosf (0 <z < 2m; 11.
y = 8x — 8§; 112. 9 = arccos 1’1—2; 514. odd; 15. even; 16. nelthgr, 17.
even; 18, ——; 19. 0; 2. 2 21. 4 21. 6; 922. 32 23.
v 1 f 1 1
; 24. 1; 25, ——; 26. ——; 27. 2; 28. —; 29, ——; 30.
OO’ ) 567 2,\/5’ ) 27 2’
2 3
00; 31. 0;32. o 33. 7 34. 0; 35. 1; 36. €2 37. €3, 38.
1 x—2 2¢ +2 vz In10
= 39. e 42. =, 43. ; 44. 10V= (14 Y2,
e’ “ 3’ (22 +2x+4)In3’ < T )’
15, \/117562; 16. 54/ 74 10; A7, (e” j e—fﬁ)(—iosa;. sin 33) 48,
e*cosx + e Tsinw
i 55t/ (9+6Va?)
2 5 1
T g U 50 —cos2a 5L 1 52 137ed. 53,
V1—2x — 22 z4(1 + 2?) ’
L sy .Y 2 2””2; 55, YeosTHsin(@—y). 56— 57.
2 y  2y? — a2 sin(z — y) — sinx 21+ Iny)
_ 2y -1 1_9
27 y,ﬁ; 58. x= “(1 —Inz);
v 1 vV —2 1 3 2
59. x I P, 60. v - -
1+z 1+2 1+z (x+3)3- Va2 [2(x—2) x+3 bz
cost —tsint V3
61. ; 62. ——; 63. (1 + 2z)dx; 64. dy = —0,01
1 —sint —tcost’ 6’ (1 + 2z)du; . Y T
Ay = —0,0100044; 65. 0,01; 66. 2,02; 67. ; 68.
Y (1+ 22)V1 + 22
2sinlnx 4z (2% - 3) n!
—_ 69. ———=- 70. 360; 71 (=)t — 72.
2 —b
2" 12 (n+2n2); 73—y 74 ¢ 75. 2. T76.0.  TT. —1

3' \6/5’ . 2 )
78. 1; 79. 1; 80. e?; 81. —1—4(z—1)+(xz—1)2+7(xz—1)2+5(x—1)*+(x—1)5;

223 sin 2 11
82. 22+ Ry(x), where Ry(z) = _227sin20z, 83. :L'—l—i—?(x—l)z—l——(:r—1)3—|—R3(x),

3 ’ 2 6
here Rg(x) (v — 1) 84, X 1= (e;00), X |= (0;1), X |= (l;¢); 85
ere R3(z) = ; . = (e;00 = (0; = (1;e); .
w 3 4[1 + @(x — 1)]7 ) ) s L)y s &)y
m T om 3T T om 37
X =<;*),X =\l m X T=|5:2r), X Z(*;*),X =\ =i 5 )
= %% T <2 6 ) T < 2 W) =152 =%
86. At z = 0 local minimum 87. At x = —1 and x = 5 local minima, at x = 0,5
local maximum 88. At z = 0 local minimum. At z = +— local maximum 89.
Convex in intervals (—3;0) and (3;00), concave in intervals (—oo; —3) and (0;3) , inflec-
tion points (—3;—%), (0;0) and (3;2); 90. Convex in interval (— %; %), concave
in intervals (—oo; — 2) an ( ;00), inflection points (—%; ﬁ) and (% ﬁ), 91.
6x/x  4vVa3 z3

7 3 + C; 92. x —cosx + C, 93. ex+?+0; 94. —cotx —z+C}

1 V3 1 V3
95. — arcsin — + C 96. arctanx — — + C; 97. — arctan(zv3) + C; 98.



1 \/5—.% (22 — 5)v/5 — 2z

—(tanz +x) 4+ C, 99. + C; 100. + C; 101.
1 sin®

5\/x4+3+0; 102. —In|cosz|+ C; 103. + C; 104. In(e® + 2) + C;

1
105. In|lnz| + C; 106. §arctanx2 + C; 107. arcsinlnz + C; 108.
2 2 in 2 37 37
arcsinz — 1 — 22+ C; 109. —(:U—i_ ;COS < Sm4 x—i—C; 110. f—?’ ™ 23—|—C;
n

111. zln(2? + 1) — 22 + 2arctanz + C; 112. zarccosz — V1 —2? 4+ C; 113.
2 3 2

%+71n\3x+2|+0 114.‘%—%+:n—1n|a;+1|+0; 115. 12; 116.

4 2
e — /¢ 117. 2; 118. arctan 3 — arctan 2; 119. In 3’ 120. = 121.
9— 4\f) m 32
3 _6m; 122. ( l 123. 1; 124. 2 — —; 125. 0;
™ 67T’ 36 2 n2 3 b 2’ 2 \/>7
1

126. gmﬂ; 127. 187ma?; 128. In3 - o 129. 2 130. %; 131.

3 5
In—- +



