1 Functions on several variables

To any ordered pair of real numbers (x,y) there is related one point in
xy-plane. To any point in zy-plane there are related the coordinates of this
point, that means the ordered pair of real numbers. Tt is said that between
ordered pairs of real numbers and the points on zy-plane there is one-to-one
correspondence.

The subset of the points of zy-plane is called the domain (region). We
shall denote the domains by D. For example the domain

D ={(z,y)l & +y* < 1}

is the unit disk centered at the origin, which contains the circle surrounding
this disk.

The curve bounding the domain is called the boundary line of this domain
and the points on the boundary line are called boundary points. The points
not laying on the boundary line are called interior points.

The domain containing all of its boundary points (that means the whole
boundary line) is called closed.

The domain containing none of its boundary points is called open (if it
contains some but not all of its boundary points, then it is neither open or
closed).

If the domain contains its boundary line or a part of its boundary line,
we sketch this line (part of the line) by the continuous line. If the domain
does not contain its boundary line or a part of its boundary line, we sketch
this line (part of the line) by the dashed line. Any open disk centered at

the given point is called the neighborhood of this point. If § > 0 is whatever
real number, then the d-neighborhood of the point(zg,yo) is the open disk
(without center)

Us(zo,y0) = {(z,y)] 0 < (& — 20)* + (y — y0)* < 6°}

There exists the one-to-one correspondence between the triplets of real
numbers (z,y, z) and the points in space. The subset of the (z,y, z)-space is
called the spatial region.

The spatial region is separated from the rest of the space by a surface,
which is called the boundary surface. The points on the boundary surface



are called the boundary points and the points not laying on the boundary
surface are called interior points.

The region is called closed, if it contains all of its boundary points and
the region is called open, if it contains none of its boundary points.

Thus, the closed region is the region with the surface surrounding the
region and the open region is the region without the surface surrounding the
region.

The §-neighborhood of the spatial point (xq, yo, 20) is the open ball

Us(xo, Yo, 20) = {(2, 4, 2)| 0 < (z — x0)* + (y — 90)* + (2 — 20)* < 0%}

that means the open ball centered at (zg, yo, 20) with radius d. This open ball
does not contain the sphere surrounding the ball and does not contain the
center (g, Yo, 20)-

1.1 Functions of two variables

Let D be some domain in the zy-plane (included the whole plane). A
function of two variables is a function whose inputs are points (z;y) in the
xy-plane and whose outputs real numbers.

Definition 1. If to each point (z;y) € D there is related one certain
value of the variable z, then z is called the function of two variables x and y
and denoted

Z = f(x> y)
The function of two variables can be also denoted by z = g(z,v), z = F(x,y),
z=p(x,y) or z = z(x,y).

The variables x and y are the independent variables and z is the function
or the dependent variable.

Whenever a quantity depend on two others we have a function of two
variables. The area on the rectangle of length x and width y is S = xy. The
number of items n which can be sold is the function of the price p and the
advertising budget a that is n = f(p,a). The force of the suns gravity F
depends on an object mass m and the distance d: F' = F(m,d).

Further we shall consider the functions given implicitly. In those cases to
each point (z;y) € D there can be related two or more values of the variable
z. We talk about the two-valued functions, three-valued functions, etc.

In the graph of the function of two variables z = f(x,y) is the spatial
point with coordinates (z,y, f(z,y)). The set of all those point is the surface
in space. Hence, the graph of the function of two variables z = f(x,y) is the
surface in x,y, z-coordinates.

Example 1. The graph of the function z = 1 — 2 — y is the plane.



Example 2. The graph of the function z = x? + y? is the paraboloid of
revolution created by the rotation of the parabola z = y? around z-axis.

The next surface is the graph of the function of two variables given imp-
licitly.

Example 3. The graph of the function z2 + 32 + 22 = r? given implicitly
is the sphere with radius r centered at the origin.

Solving this equation for the variable z, we obtain two one-valued func-
tions of two variables z = \/r2 — 22 —y? and z = —\/r2 — 22 — y2. The
graph of the first function is the upper side and second function the lower
side of the sphere.

Definition 2. The domain of the function of two variables z = f(x,y)
is the set of ordered pairs (x,y) (the points of the plane) for which by the
given rule it is possible to evaluate the value of the function.

Example 4. Let us find the domain of the function z = In(8 — 2? — y?) +
\/2y — x? and sketch it in the coordinate plane.

The function is defined if there hold two conditions

8—a22—y>>0

2y — 2% > 0.
22
The first condition yields 2% + y?> < 8 and the second y > 5 The first
condition holds for the points in zy-plane, which belong to the disk centered
at the origin and with radius 2v/2. The is no equality to 8, therefore the circle
surrounding the disk does no belong to the set and we sketch the circle with
dashed line.

The second condition holds for the points in zy-plane, which are above
2

x
the parabola y = —. This condition contains the equality, consequently the

parabola belongs to the set and we sketch it with continuous line.

1.2 Plane sections and level curves of graph of function
of two variables

To get an idea how does the graph of the function of two variables looks
like it is useful to sketch plane sections of this surface by the planes which
are perpendicular to one of the coordinate axis (i.e. parallel to one of the
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coordinate planes). The equation of the yz-plane is z = 0, the equation of
the xz-plane is y = 0 and the equation of the zy-plane is z = 0.

The plane x = a is perpendicular to z-axes, i.e. parallel to yz-plane; the
plane y = b is perpendicular to y-axes i.e. parallel to zz-plane; the plane
z = c is perpendicular to z-axes i.e. parallel to xy-plane.

The intersections of the surface z = f(z,y) with the planes z = a are the

curves
{ z:f(x,y)

r = a,

The intersections of the surface z = f(z;y) with the planes y = b are the

curves
z= f(z,y)
y=>0

The intersections of the surface z = f(x;y) with the planes z = ¢ are the

{ z= f(a,y)

z=c,

The projection of the resulting curve onto the xy-plane is called the level
curve. A collection of level curves of a surface is called a contour map.

Example 1. Let us sketch the surface 22 + 3% — 22 = 0, using the inter-
sections with the planes z =0, z = &1, 2 = £2 and = = 0. First five are the
horizontal curves and the sixth is the intersection with the yz-plane.

The intersection of this surface with xy-plane z = 0 is actually one point
determined by the equations x? + y? = 0, z = 0, which is the origin.

The intersection of this surface with the horizontal plane z = 1 is the
circle 22 + y?> = 1, z = 1, the unit circle on the plane z = 1 centered at
(0;051).

The intersection of this surface with the horizontal plane z = —1 is the
unit circle x? + y? = 1 again but centered at (0;0; —1).

The intersection of this surface with the horizontal plane z = 2 is the
circle 22 4+ y? = 4 centered at (0;0;2) with radius 2.

The intersection of this surface with the horizontal plane z = —2 is the
circle z2 4+ y* = 4 centered at (0;0; —2) with radius 2.

The intersection of this surface with the vertical plane x = 0 is determined
by z? = y?, x = 0, that is two perpendicular lines z = y and 2 = —y on yz-
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plane. Adding these two lines to our sketch it turns obvious that the given
surface is the cone, whose vertex is at the origin.

If we convert the function 2% +y* — 22 = 0 to the explicit form we obtain
two one-valued functions z = /22 + y? and z = —+/x? + y2. The graph of
the first function is the upper part of the cone and the graph of the second
function is the lower part of the cone.

Example 2. Let us sketch the surface z = 22 —y?2, using the intersections
with the planes y =0, x = +1, v = £0,5, t =0, z =0 and z = —0, 44.

In this example we draw the coordinate axes in an unusual way, taking
the sheet of paper the xz-plane and directing y-axes backwards.

The intersection with the plane y = 0 is the parabola z = 22, y = 0.

The intersections with the planes x = +1 are the parabolas z = 1 — 3?2,
r=1land z=1—9% 2= —1.

The intersections with the planes x = +0, 5 are the parabolas z = 0,25 —
y?, . =0,5andz = 0,25 —y2, =z = —0,5.

The intersections with the plane z = 0 are two perpendicular lines y = z
and y = —x on the xy-plane.

The intersection with the plane z = —0,44 is the equilateral hyperbola
y? — 22 = 0,44, whose real axis is the y-axis.

The level surfaces of the graph of function of three variables w = f(x,y, z)

are the surfaces
w= f(z,y,2)
w = c.

This system of equations yields the equation f(z,y,2) = ¢, the function
of two variables given implicitly, whose graph is a surface in the space.

Example 3. The level surfaces of the function w = 2% + 3% + 2?2 are
2% 4+ y? + 22 = ¢ provided ¢ > 0. Those surfaces are the spheres centered at
the origin with radius /c.

1.3 Increment of function of several variables

Let us fix one point P(z,y) in the domain of the function z = f(x,y).
Changing the variable x by Az and y by Ay, we obtain a point Q(z+ Az, y+
Ay). Assuming that the increments of the independent variables Az and Ay
are sufficiently small, that is () is also in the domain of the function, we define
the total increment of the function

Az = f(z+ Az, y + Ay) — f(z,y) (1.1)

Assuming that y is a constant or Ay = 0, we have the increment of the
function with respect to variable z.



Amz:f(x+Ax,y)—f(x,y) (12)

Assuming that z is a constant or Ax = 0, we have the increment of the
function with respect to variable y.

Ayz = f(z,y+ Ay) — f(z,y) (1.3)

One might guess that Az = Azz + A,z but as the following example
proves, this is not true.

Example 1. For the function z = xy let us find Az and A,z + Az if
r=2,y=3, Ar=0,2and Ay =0, 1.

First Az = (x + Ax)y —axy =yAx =3-0,2=10

second A,z = z(y+Ay) —zy = 2Ay =2-0,1
0, 8.

The total increment of the function Az = (z + Ax)(y + Ay) — xy =
Ay +yAxr+ AzxAy=2-0,14+3-0,240,2-0,1 =0,82.

The total increment of the function of three variables w = f(z,vy, 2) is
defined as

D

Aw = f(z+ Az, y + Ay, 2z + Az) — f(z,y,2)

If y and z are constants, we define
A:pw = f(fL'—FAiL’,y,Z) - f(xayaz)
if x and z are constants, we define

Ayw = f(r,y+ Ay, 2) — f(z,y,2)
and if z and y are constants, we define

Azw:f(x,y,z—i—Az)—f(w,y,z)

1.4 Limit and continuity of functions of two variables

Suppose Py(zg,yo) is a fixed point in the domain of the function z =
f(z,y) and P(z,y) is a moving point that approaches Fy. We shall write
(x,y) = (zo,Y0) Or T — Xg, Y — Yo.

To find the limit of a function of one variable, we only needed to test the
approach from the left and the approach from the right. If both approaches
gave the same result, the function had a limit. To find the limit of a function
of two variables however, we must show that the limit is the same no matter
from which direction we approach (xq, yo)



The moving point P can approach the fixed point F along whatever path:
along the straight line, broken line, the arc of parabola etc. Independently of
the path, the moving point P reaches to any neighborhood of Us(xg, yo) for
arbitrary small 6 > 0.

Definition 1. The real number L is called the limit of the function f(z,y)
in limiting process (z,y) — (o, yo), if V¥ € > 0 there exists the neighborhood
Us(xo,yo) such that |f(z,y) — L| < ¢ whenever (z,y) € Us(zo, yo)

In other words, L is the limit of the function f(x,y) as (x,y) — (zo, o),
if the value of the function f(z,y) can be made as close as desired to L by
taking P(z,y) in the neighborhood of Py(xo, ) small enough.

This is denoted

o) (wy) =1
. .. . Ty
Example 1. Find the limit  lim ———.
(z,y)—=(0:0) T2 + Y
Let (z,y) — (0;0) along the line y = kx. Then
xy x-kx k- a? k

224 y? 224 k222 —x2(1+k2) - 1+ k2

This shows that the result depends on the choice of the slope of the line k.
Therefore, the limit does not exist.

Often it is useful to convert the limit into polar coordinates, taking z =
pcosp and y = psing. Then 2% + y* = p* and the limiting process (z,y) —
(0;0) is equivalent to p — 0. In Example 1 we could write

xy ) p COS Ypsin . p*cospsing
1 =lim—

lim ———= = coS psin
(@y)—(0:0) T2 + Y2 p=0 p2cos? ¢ + p?sinp  p—0 02 s e

The result depends on the polar angle and this proves again that the limit
does not exist.

f (02 2
Example 2. Find the limit  lim w
(@y)—(00) 2?2+ y?
Converting this limit into polar coordinates, we have

fim sin(z? + y?) — lim sin(p? cos? ¢ + p?sin? p) — lim sin p? _,

(zy)—=(0:0) 22 + y? p—0  p2cos? p + p2sin? o p—=0  p?

Definition 2. The function f(z,y) is called continuous at the point
PO(‘T07y0>7 if

1. 3f(xo,90)
2. 3 lim  f(x,y)

(@,y)=(20,y0)



3. lim  f(z,y) = f(w0,v0)

(#,y)=(20,y0)

Definition 3. The function is called continuous in the domain D, if it is
continuous at every point of this domain.

Let us denote the fixed point in Definition 2 by (x,y) and the moving
point by (z + Az,y + Ay). Then (z + Az,y + Ay) — (z,y) if and only if
(Az, Ay) — (0;0). The third condition of continuity can be re-written

(M’Alg)g(w) flx+ Az,y + Ay) = f(2,y)

or

i G @+ Ay + Ay) = flz,y) (1.4)

In square brackets of the last condition there is the total increment Az
of the function z = f(x,y) and the condition of the continuity (3.42) at the
point (x,y) is

lim Az=0 (1.5)
(Az,Ay)—(0;0)

The equality (1.5) is called the necessary and sufficient condition of
continuity.

1.5 Partial derivatives

Fix in the domain of the function of two variables z = f(z,y) one point
P(z,y). Holding y constant and increasing the variable = by Az we have the
increment of the function f(x,y)

AmZ:f(x+Axvy)_f(x7y>

Definition 1. If there exists the limit
0z .. Az flz+ Az,y) — f(z,y)

— = lim = lim
Oor Az—=0 Ax Az—0 Az

(1.6)

then this limit is called the partial derivative of the function f(z,y) with
respect to the variable x at the point (z,y).
of

The partial derivative with respect to x is denoted also 2., f!(z,y), e

Holding x constant and increasing the variable y by Ay we have the
increment of the function f(z,y) as Ayz = f(z,y + Ay) — f(z,y).
Definition 2. If there exists the limit
0z Ayz f(x,y‘f—Ay)_f(-T,y)

Z— lim =2 = |
oy A;}/rgo Ay A?lJrilO Ay

(1.7)
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then this limit is called f(z,y) the partial derivative of the function f(z,y)
with respect to the variable y at the point (z,y).
The possible alternate notations for partial derivatives with respect to y

are 2z, f,(z,y), ?

If we find the partial derivative with respect to the variable x the variable
y is treated as constant. The only variable in Definition 1 is Az. As well,
finding the partial derivative with respect to the variable y the variable x
is treated as constant. The only variable in Definition 2 is Ay. We need to
pay very close attention to which variable we are differentiating with respect
to. This is important because we are going to treat the other variable as
constant and then proceed with the derivative as if it was a function of a
single variable. Consequently, all the rules of differentiation of functions of
one variable hold if we find the partial derivatives.

Example 1. Find the partial derivatives with respect to both variables
for the function z = 23y — 2%y>.

Finding the partial derivative with respect to z, y is treated as constant.
Thus, by the difference rule an constant rule we obtain
% = a%(933@/)—%(:13@2) —~ y%(ﬂ:g)—f%(ﬂfz) = y-32°—y’- 20 = 32’y —2zy”.

Finding the partial derivative with respect to y, x is treated as constant.
By the rules of differentiation

62_83_622_ _282_3_2 .3 0.2

The chain rule is also still valid.
Example 2. Find the partial derivatives with respect to both variables

T
for the function z = arctan —.

Y
The partial derivative with respect to x is

9z _ 1 9z (z\ _ ¢’ lg(x)_ y
or (x)Q Ox 2422 yoxr ) a4 y?
1+ (=

Yy

The partial derivative with respect to y is

0z _ 1 ozfx\_ oyt 01
oy (x)2 oy \y)  2+22 "oy \y
1+ (=

Yy
_ y2 T\ X
o 2 4+ yz y2 o 2 + y2

9
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The partial derivatives of the function of three variables w = f(z,v, 2)
with respect to variables z, y and z are defined as the limits

ow . Azw . f(]}—i—AZE,y,Z)—f(x,y,Z)
m — lim

% - Al;:—m Ax a Az—0 Azr
ow_ L D [y + Ay, )~ oy 2)
Jdy  Ay—0 Ay Ay—0 Ay

and
ow _ I Aw i flx,y,z+ Az) — f(z,y,2)
0z _ALIEO Az Aggo Az

If we find the partial derivative with respect to one independent variable,
the other independent variables are treated as constants.

Example 3. Find the partial derivatives with respect to all three inde-
pendent variables for the function w = a¥".

Finding the partial derivative with respect to x, we have the power func-
tion with constant exponent y*, therefore,

To find the partial derivative with respect to y we use the chain rule. The
outside function is the exponential function with constant base x and the
variable exponent y*, which is the power function with respect to y. By the
chain rule

ow

dy

To find the partial derivative with respect to z we use the chain rule
again. The outside function is the exponential function with constant base

x. The inside function is another exponential function y* with the constant
base y. Thus

z —
=¥ Inz - 27!

a_w
0z

=2¥ Inz- -y Iny

1.6 Total increment and total differential

Let us fix one point P(z,y) in the domain of function z = f(x,y). As-
sume that the function f(z,y) is continuous and has the continuous partial

derivatives Iz and 0 at the point P(z,y) and in some neighborhood of this
T Y

point.
It is possible to prove that total increment (1.1) can be represented as

0 0
Az = —an:—l— —fAy—i—gle—i—ggAy (1.8)
ox dy
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where g1 and ey are two infinitesimals as (Ax; Ay) — (0;0) i.e.

lim €1 = lim g =10
(Az;Ay)—(0;0) (Az;Ay)—(0;0)

In subsection 1.4 we have used the notation Ap = /Ax? + Ay?. The

conditions

Ax
— <1
Ap| —
and A
291 1
Ap| —
. x Ay
mean that these are the bounded quantities. Thus, slA— and 52A— are
P P

infinitesimals as the products of the infinitesimals and a bounded quantities.
Thus, the limit
A A A
lim Gar ¥ &8y = lim 51—x—|— lim 52—y =0
Ap—0 Ap Ap—0 Ap Ap—0 Ap
which means that e; Az + €Ay is an infinitesimal of the higher order with
respect to Ap, i.e. with respect to Ax and Ay.

0 0
After that in the representation (1.8) a—f and (‘3_f are the values of partial
x
derivatives at the fixed point P i.e. the real numbers. Hence, the first sum
of of
—Ax+ —A 1.9
B " + oy J (1.9)

is linear with respect to Ax and Ay.
Definition. The linear part (1.9) of the total increment (1.8) is called
the total differential of the function z = f(z,y) and denoted by dz.
According to the definition

0z 0z
dz = —A —A
z py T+ P Y
0 0
For the function z = x the partial derivatives % 1, % _ 0 and
ox dy
dz = dr = Ax.
. . .. 0z 0z
For the function z = y the partial derivatives — = 0, — = 1 and
ox Jy
dz = dy = Ay.
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Consequently for the independent variables z and y the notions of diffe-
rential and increment coincide and the total differential can be re-written
as

dz = —dz + —dy. (1.10)
z Y

x
Example 1. Find the total differential for the function z = arctan —.

Y
Using the partial derivatives found in Example 2 of subsection 1.5, we obtain

Y x _ ydr — xdy
2 de— 2 Qdy_ 2 2
e +y e +y ]

dz =

Example 2. Evaluate the total increment and the total differential for
the function z = /22 +y?, ifx =3,y =4, Ax =0,2 and Ay =0, 1.
By the formula of the total increment of the function (1.1) we get

Az =/3,22+4,12 — /32 + 4% = /27,05 — /25 = 0, 20096

To evaluate the total differential we find

0z 1 x
N ) P
Or  2,/x2 + 42 Vaz+y?
and
0z Y
Ay 12+ y?
Then

d 5 0,2 + ! 0,1 0’6+0’4 0,2
Z = T ) T ) = - = )
V3% + 42 V32 + 42

We see that the difference between the total increment and the total
differential is less than 0,001, which is less by two orders of values with
respect to Az and Ay.

The last fact gives us the possibility to compute the approximate va-
lues of functions of two variables using the total differential. If Az and Ay
are sufficiently small, then Az and dz differ by the quantity, which is the
infinitesimal of a higher order with respect to Az and Ay. We can write

Az ~ dz

or
0
flz+ Az, y + Ay) — f(z,y) = —;d:ﬂ—i— —dy
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This gives us the formula of approximate computation

0 0
Flo+ Ay + Ay) ~ fla,y) + Lac+ ZLay (1.11)
ox oy
Example 3. Using the total differential, compute 2,032 - 0, 96.
Here we choose the function f(z,y) = 23y? and the values z = 2, y = 1,

Ax = 0,03 and Ay = —0,04. The partial derivatives are
of

— 32,2
ox Ty

and o/
ZL — 93
dy oy

The value of the function at the point chosen f(2,1) = 8-1 = 8 and the

values of partial derivatives are g =3-4-1=12 and —f =2-8-1=16.
ox dy

By the formula (1.14)

(240,03)%- (1 —0,04)2=8+12-0,03 — 16-0,04 = 7,72

Suppose that the function of three variables w = f(x,y, z) and the par-
ow

w ow
tial derivatives —, — and —— are continuous at the point P(z,y,z) and

ox’ Oy 0z
in some neighborhood of this point. Analogously to the formula (1.8) it is

possible to prove that the total increment of the function can be expressed

as
Aw = gwa+ g—wAer g—Az+an+ﬁAy+7Az (1.12)
x

where aAx + Ay + vAz is an infinitesimal of a higher order with respect
to Ap = /Az? + Ay? + Az2. The expression
ow ow ow
dw = —dr + —dy + —d 1.13
R TP (1.13)
is called the total differential of the function w = f(x,y, z). Again, for the
independent variables x, y and z the notions of the increment and differential
coincide, i.e. dr = Az, dy = Ay and dz = Az.
Example 4. Find the total differential for the function w = z¥.
Using the partial derivatives found in Example 3 of subsection 1.5, we
obtain

dw = yzxyz_ldx + 2% Ing- 2y Ny + Y Inz- Y lny =

- (d Inzd
= yfxY (_x+ il y—l—lnxlny)
z Yy
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As well as for the function of two variables there holds the formula of
approximate computation

of of of

flz+ Az, y+ Ay, z + Az) = f(x,y,2) + %Ax + a—yAy + %Az (1.14)
1.7 Partial derivatives of implicit function
Consider the function
F(x,y) =0 (1.15)

given implicitly. This equation determines the variable y as the function of
x (in general case not one-valued).

Suppose that the function F'(z,y) is continuous and it has the continuous
partial derivatives at the point P(z,y) and in some neighborhood of this
. . . . ,
point. In addition suppose that at P(x,y) the partial C(lierlvatlve F(r,y) #
0. Let us deduce the formula to find the derivative d_y’ using the partial
x

derivatives of the function F(z,y).

Let us fix the point P(x,y) on the graph of given function. The coordina-
tes of this point satisfy the equation (3.38). Change = by Az and find on the
graph the value of y+ Ay related to z + Az. As Q(z+ Az, y+ Ay) is a point
on the graph again, the coordinates of this point also satisfy the equation

F(z + Az,y + Ay) = 0. (1.16)
Subtracting from the equation (1.16) the equation (3.38), we obtain
F(zx+ Az,y + Ay) — F(z,y) =0

The left side of the last equality is the total increment of the function F(x,y)
and the equality can be re-written

AF =0

Because of the assumptions made in the beginning of this subsection this
equality converts by (1.8) to

or oF
—Ar+ —Ay+ alAx + Ay =0
ox oy
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which yields

y ox
or
oF
% B O +
Az oF
a5 B

Find the limits of both sides of this equality as Az — 0. The limit of the

d
left side is by the definition of the derivative Y The function is continuous,
x
consequently if Ax — 0 then Ay — 0. Knowing that o and g are the
infinitesimals as (Ax, Ay) — (0;0), that is lim o = 0 and lim § = 0, the
Axz—0 Axz—0
limit of the right side of the equality is

oF

_Ox

oF

dy
Thus, to find the derivative of the function given implicitly we have the

formula
dy — F,

- 1.17
dz F; ( )
. dy 4 4 22,2
Example 1. Find T for * + y* — a®z*y” = 0.
x
Here F(z,y) = 2% + y* — a®2%y?, so F! = 423 — 2a*zy* and F, = 4y —
2a?z%y. By the formula (1.17)
dy  4a® —2a’zy®  z(22° — a’y?)
dr 43 —2a22%y  y(2y% — a2x?)’

The equation F(z,y,z) = 0 relates to pairs of (z,y) some value(s) of
the variable z. In other words, this equation defines z as a function of z
and y. Assume that the function F'(x,y,z) is continuous and has the con-

B ?3_5 and 88—1; at the point P(x,y,z) and in
some neighborhood of this point. Moreover assume that F!(x,y,z) # 0 at
P(x,y,z).

If we find the partial derivative of the function z with respect to = the
variable y is treated as constant. In this case in the equation F(x,y,z) =0
there are only two variables x and z and by (1.17) we obtain

0z F!

tinuous partial derivatives
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If we repeat this reasoning for y we have
0z  F,
oy  F!

z

(1.19)

Example 2. Find the partial derivatives d and i for the function of
T Y
two variables x? + y? + 22 = r? given implicitly.
As F, = 2x, I, = 2y and F] = 2z we obtain by the formula (1.18) the

partial derivative
0z x

dr 2
and by the formula (1.19) the partial derivative
0z Y

oy =z
1.8 Partial derivatives of composite functions

Suppose that the variable z is a function of two variables u and v, denote
z = f(u,v), and u and v are the functions of two independent variables x
and y, denote u = ¢(z,y) and v = ¥ (x,y). Then z is a composite function
with respect to z and vy, i.e.

= f(gp(x,y),z/z(x,y)) = F<I7y)

Let us fix a point P(z,y) in the common domain of the functions u =
o(x,y) and v = (x,y). Then the related point (u,v) in the (u,v)-plane
is also fixed. Suppose that the functions u and v are continuous and have

Oou Ou Ov ov )
o a—y, o and 8_y at the point P(z,y)

and in some neighborhood of this point. Also assume that the function z

the continuous partial derivatives

0z 0z
is continuous and has the continuous partial derivatives 0 and 0 at the
U v

related point (u,v) and in some neighborhood of this point.
The partial derivative of the composite function z = F'(z,y) with respect
to x will be found by the formula
0z 0z0u 0z0v
R T 1.20
Oor  Oudx + Oov Ox (1.20)
The partial derivative of the composite function z with respect to the
variable y will be found by

0z 0z0u 0z0v

R 1.21
dy  Oudy * ov Oy ( )

16
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Example 1. Find a—z and a—z for z = In(u?+v), u = "V and v = 22 +y.
x

According to the formulas (1.20) and (1.21) we have to find six partial
derivatives

0z  2u 0z 1
ou  w+v v uwl4v
8u 42 8u 2
or O Oy ye ’
ov ov
YT _9 1
or D dy ’
By (1.20) we have
0z 2u 2 1 2 2
9= _ Tty o1 — Tty
ox u2+v€ +u2+v o u2—|—v(ue + )
and by (1.21)
0z 2u 2 1 1 2
I 2 4y — 4 z+y 1
dy ul+wv ve +u2+v u2+v(uye +1)

Remark. If z is a function of three variables z = f(u, v, w) and in addition
to the u and v there is w = x(z,y), then the partial derivatives of the
composite function z with respect to the variables x and y can be found by

the formulas
0z 0O0z0u O0z0v 0Oz Ow

%~ 9ude  vor  wor (1.22)

and
0z 0z0u 0z0v Oz 8_w

S Al 1.2
oy 8u8y+8vay+8w8y (123)

Next, let z be a function of three variables x, v and v z = f(x,u,v),
where u = p(x) and v = ¥(x). In this case z is a composite function of one
variable z

z = f(z,¢(z),¥())

d
The derivative of that function d_z we obtain using (1.22). As the derivative
x
d
d_:z: =1 and u and v are the functions of one variable, then
x

dz 0z 0Ozdu Ozdv

The derivative in (1.24) is called the total derivative.

17
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Example 2. Find d—z for 2 = 22 + VY and y = 2+ 1.
x
Here z is the function of two variables x and y, where y is the function of
the variable x. In this case the formula (1.24) gives

%—%+%@—2x+i =1 2—1—i =z 2—1—;
dr  Oxr  Oydr 2\/y B Ny w2 4+1/)

1.9 Higher order partial derivatives

As we have seen in many examples, the partial derivatives of the function

0
z = f(x,y) % and 6_2 are in general functions of two variables again. Thus,

ox
it is possible to differentiate both of them with respect to x and y.

Definition 1. The partial derivative with respect to = of the partial
z
derivative 9 is called the second order partial derivative with respect to x
x
2

and denoted to be read de-squared-zed de-ez-squared), that means

o (o
ox2  Or \ Ox

Definition 2. The partial derivative with respect to y of the partial

z
922

0z
derivative 97 is called the second order partial derivative with respect to x
x
2

and y and denoted ;x gy

(to be read de-squared-zed de-ex-de-y). By this

0 _ 0 (0
oxdy Oy \Ox

Definition 3. The partial derivative with respect to x of the partial

definition

0z . S .
derivative EW is called the second order partial derivative with respect to y
2

Y
0°z )
and x and denoted ———, that is

0yox
o _ 0 (0
Oydx  Ox \ Oy

Definition 4. The partial derivative with respect to y of the partial

0 . S .
derivative 8_2 is called the second order partial derivative with respect to y
Y

18



2

l.e

z
and denoted —, 1
oy?

o (o
oy Oy \ dy

The second and third second order partial derivatives are often called
mixed partial derivatives since we are taking derivatives with respect to more

than one variable.
3 3 3 " i " "
The second order partial derivatives are denoted also z;,, z;,, 2, and 2z,

or fir.(x,y), fi,(x,y), fi.(x,y) and f] (2, y).
The second order partial derivatives are the functions of two variables
x and y again. Hence, all four second order partial derivatives can be diffe-

rentiated with respect to x and y. So we define eight third order partial

derivatives
pe_o (B #e o (o
ox3  Ox \0x2)  0x20y Oy \ Ox2
Pz 0 [z Pz 0 (0
0xdydr  Ox \O0xdy )’ 0xdy: 0Oy \ 0xdy
Pz 0 (0% Pz 0 [P
Oydx?  Ox \Oydx )’ 0Oydxdy Oy \ dyox
P o () 00 (0
0y20x  O0x \0y2)’ 0Oy> Oy \0y?

x
Example 1. Find all second order partial derivatives for z = arctan —.
Yy

In Example 2 of subsection 6.5 we have found

0z Y 0z x
or 2+ 2 Oy a2 42

dxdy — Oy \ 22 + 1> (22 + y?)? (22 +y2)?
Pz 9 oz P4y a2 2t -y
oydxr  Ox x? + 12 (x2 + y?)? N (x2 + y?)?

FPz_0f @ N_ O L N_ (2% \_ 2wy
3y2_8y x2—|—y2 o (91/ x2+y2 o (x2—|—y2)2 —(m2+y2)2



These results suggest a question, are the mixed second order partial de-
rivatives
0?2 d 0%z
0x0y a Oyox
equal. The next theorem says that if the function is smooth enough this will
always be the case.

0: 0z
ox’ Oy’

are continuous at the point P and on some neighborhood

Theorem. If the function z = f(x,y) and its partial derivatives
0z q 0z
an
0x 0y Oyox

of this point, then at the point P
Pz 0Pz
oxdy  Oydx

This theorem says that if the partial derivatives to be evaluated are conti-
nuous, then the result of repeated differentiation is independent of the order
in which it is performed.

Therefore, if the partial derivatives involved are continuous, the also holds

o'z 02 O
0xOydxdy  0x20y?  Oy20x2

Analogous theorem is valid also for the functions of three etc. variables.
Pw dw
and
0x0y0z 02010y

Example 2. Find the third order partial derivatives

for the function of three variables w = e” sin(yz).
First we find

ow .
5 © sin(yz)
second
0*w . .
900y e® cos(yz) - z = ze® cos(yz)
and third
PPw x T z .
e e” cos(yz) + z(—e®sin(yz)) - y = e*[cos(yz) — yz sin(yz)]

To find the second third order partial derivative, we find
ow

5 = ye® cos(yz)
next
0*w " cos(y2)
= ye” cos(yz
020z 4 4

20



and finally

Pw
0200y

= e’ cos(yz) — ye”sin(yz) - z = e®[cos(yz) — yzsin(yz)]

1.10 Directional derivative

Up to now for the function of two Variables z = f(x,y) we've only loo-

0
ked at the two partial derivatives O_Z and 8_ Recall that these derivatives
x Y

represent the rate of change of f as we vary x (holding y fixed) and as we
vary y (holding z fixed) respectively. We now need to discuss how to find the
rate of change of f(x,y) if we allow both z and y to change simultaneously.
In other words how to find the rate of change of f(z,y) in the direction of
vector 5 = (Axz, Ay).

The goal is to obtain the formula to compute the derivative of the function
z = f(x,y) at the point P(z,y) in the direction of the vector 5 = (Az, Ay).

Assume that the function z = f(x,y) and its partial derivatives % and

ox

z
— are continuous at P and in some neighborhood of this point.

dy

Denote the length of the vector § by As = \/Az? + Ay?. By the (1.8)
the total increment of the function has the form

LN
T Jy

2 PEAy + e, Ax + 9y

where €1 and &5 are infinitesimals as As — 0. Dividing the last equality by
the length of the vector Kl gives

Az 82Aw+%%+ Ax n Ay
As  OrAs  Oyhs  VAs T As

?

T
The ratios A_ and 2y are the coordinates of the unit vector s° in direction
s

As
of the vector 5. Denoting by « and  the angles that S forms with the

coordinate axes, it’s obvious that

Ax Ay
N cosa and N cos 8
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Therefore, these ratios, i.e. the coordinates of the unit vector in direction of
the vector s are called the directional cosines of that vector.

Definition. The limit

is called the derivative of z at the point P in the direction of the vector il

and denoted aajz Since
s

. Ax Ay
A (A_ + A_) =0

we have the formula to compute the directional derivative

0z 0z 0z
ed = 1.2
57 = 5, (8¢ + o cos 3 (1.25)

Example 1. Find the derivatives of the function z = 2% 4 y? at the point
P(1;1) in directions of vectors s = (1;1) and 53 = (1; —1).
First we evaluate the partial derivatives of z at P

0
P _op| =2
ox P
and 5
z
— =2yl =2
dy P
The length of the vector s_f is As; = \/5, the directional cosines are cos o =
—— and cos f = —. Hence,
V2 ’ V2
0z 1 1
=2 — 42— =22
st V2 V2

The length of the vector 3_5 is Asg = \/5, the directional cosines are cos o =

1 1
—— and cos f§ = ———=. Thus,
V2 ’ V2

82_2 i
NG
2



Starting from the same point in the zy plane and moving in different
directions, we get the different results. Thus, the directional derivative has
no meaning without specifying the direction. The directional derivative gives
us the instantaneous rate of change of the given function of two variables at
a certain point in the pre-scribed direction.

Partial derivatives with respect to x and y are special cases of the di-

rectional derivative. If the given vector S points in direction of z-axis then

a=0,0= g, cosa = 1 and cos = 0. Hence,

0z 0Oz
0% Oz
T
If the given vector il points in direction of y-axis then a = > 6 =0,

cosa = 0 and cos f = 1. It follows

0z 0z

ds Oy

Thus, the directional derivative in the direction of x axis is the partial
derivative with respect to x and the directional derivative in the direction of
y-axis is the partial derivative with respect to y.

The directional derivative of the function of three variables w = f(x,y, z)
at the point P(x,v, z) in the direction of the vector 5 = (Az, Ay, Az) can
be found by the similar formula. Let o, § and v denote the angles between
the vector & and z-axis, y-axis and z-axis respectively. Then the directional
cosines of the vector & are cos a, cos 8 and cosy. The directional derivative
is computed by the formula

ow  Ow ow ow
ﬁ—a—xcosoz—i—a—ycosﬁ—i—acosy (1.26)

Example 2. Find the directional derivative of the function w = xy +
xz +yz at the point P(1;1;2) in the direction of the vector that makes with
the coordinate axes the angles 60°, 60° and 45° respectively.

Find the partial derivatives at the point P

ow ow
—=y+z =3, —=x+z =3
ox P dy P
and
W _ oy 2
—_— =X =
0z yP
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and the directional cosines

|

11
? = (cos60°; cos 60°; cos 45°) = <§, 3

=3+V2

By the formula (3.35) we obtain

ow 1

9.
08 +

e

1
2
1.11 Gradient

The function of two variables z = f(x,y) associates to any point P(z,y)
in the domain of that function D one value of the dependent variable z or a
scalar. To any point in the domain of the function there is related a scalar.
Hence, the function of two variables creates a scalar field in the plane.

The function of two variables w = f(x,y,z) associates to any point
P(x,y,z) in its domain V a scalar, i.e creates a scalar field in the domain V.
Examples used in physics include the temperature distribution throughout
space, the pressure distribution in a fluid or in a gas. Scalar fields are cont-
rasted with other physical quantities such as vector fields, which associate a
vector to every point of a region.

Definition 1.

0z 0z
dz=|—,— 1.2
odz = (5. 5°) (127
is called the gradient of the scalar field z = f(z,vy).
Definition 2. The vector
ow Jw Ow
dw=|—,—,— 1.28
sract (8x’8y’8z) (1.28)

is called the gradient of the scalar field w = f(x,y, 2).
In the first case there is defined a vector field in the plane and in the
second case a vector field in the space. These are called the gradient field.
If 58 = (cos a, cos ) denotes the unit vector in the direction of the vector
5, the formula (1.25) can be written as the scalar product of the gradient

and the unit vector s

0z q
=gradz- s
a5 °
%
Since ? = i, then
0z q 5 grad |gradz- S
= grad z - — = |gradz
o5 ° s ¥ | grad z|As



where |grad z| is the length of the gradient vector. Denoting by ¢ the
angle between the gradient and the vector & we obtain

grad z - e
cosp = =————
v | grad z|As
and 9
ajz = | grad z| cos p. (1.29)

Now we formulate this result as a theorem.

Theorem 1. The directional derivative of the function z = f(x,y) equals
to the projection of the gradient vector onto the direction of vector 5.

Two important conclusions of this theorem.

Conclusion 1. The directional derivative in direction perpendicular to

the gradient equals to zero.

. L : . ™ 0z
This conclusion is obvious because in our case ¢ = — and —— = 0.

Conclusion 2. The directional derivative has the greatest \falue in the
direction of the gradient and equals to the length of the gradient.

It’s enough to recall that the cosine function obtains its greatest value 1
if o = 0. Thus, the direction of fastest change for a function is given by the
gradient vector at that point.

Example 1. Find the greatest rate of growth of the function z = 22 + 32
at the point P(1;1).

The directional derivative gives the instantaneous rate of change at the
given point. The greatest instantaneous rate of change equals to the length
of the gradient. We find the gradient vector at the point P

grad z = (2z,2y)| = (2;2)
P
and its length |grad z| = 2v/2.

This result is the same as the result in Example 1 of the previous subsec-
tion, where we have found the directional derivative in direction of the vector
51. This is natural because the vector s{ = (1;1) and the gradient have the
same directions.

Theorem 2. The gradient is perpendicular to the tangent of level curve.

Proof. The projection of the level curve of the surface z = f(z,y) onto
xy-plane is f(x,y) = ¢. This is an implicit function of one variable and the
graph is a curve in xy-plane. The slope of the tangent line of this curve is
Z—i = —%. Hence, the direction vector of the tangent line is

Yy

7 = (1; —jﬁ—) — (-1
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The scalar product of the gradient vector and the direction vector of the
tangent line

gradz - = fofy = ff1 =0
which means that these two vectors are perpendicular.

Now the Conclusion 1 gives us.

Conclusion 3. The derivative in the direction of the tangent line of the
level curve equals to zero.

In Example 1 of the previous subsection the vector 53 has the same direc-
tion as the tangent line of the level curve. Thus, by Conclusion 3 it is natural
that the derivative in the direction of this vector equals to zero.

Definition 3. A vector field ? = (X(z,y),Y (z,y)) is called a conserva-
tive vector field if there exists a scalar field z = f(z,y) such that ? = grad z.
If ? is a conservative vector field then the function f(z,y) is called a potential
function for ?

All this definition is saying is that a vector field is conservative if it is also
a gradient vector field for some scalar field.

Example 2. The vector field F = (2zy; 2%) is conservative because there
exists the scalar field z = 2%y such that grad z = F' and 22y is the potential
function for ?

1.12 Divergence and curl

The gradient vector field is just one example of vector fields. More ge-
nerally, a vector field ? = (X(z,y,2);Y(x,y,2); Z(x,y, z)) is an assignment
of a vector to each point (z,y, z) in a subset of space. Vector fields are often
used to model, for example, the strength and direction of some force, such
as the magnetic or gravitational force, as it changes from point to point or
the speed and direction of a moving fluid throughout space.

Definition 1. The scalar

P 20X OV 02

—+ — 1.30
ox + oy + 0z (1.30)
is called the divergence of the vector field ? at the point P(zx,y, z).
Definition 2. The vector
0Z Y 090X 07 Y 0X
l?: —_———-——— —— — = —— 1.31
o (ay 0z 0z 0z’ dr  dy ) (1.31)

is called the curl (or rotor) of the vector field F at the point P(x,y, z).
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Example 1. Find the divergence and curl of the vector field ? =

(:)syz; x? + 2% ﬁ)
2
0X oY

In this example X = xyz, Y = 22+ 22, Z = %, thus, — =yz, — =0
z ox dy
Y4
and 22 — 1Y Hence, the divergence
0z 22’

dlvﬁ—yz——
22

The components of the curl vector

9z oY =z

dy 0z =z

0X 07 Yy

0z oz VT
and

8—Y — 0_X =2r —xz

or Oy
Consequently,

curl? (— — 2z, 2y — y. 2x—x2)

If the vector field represents the velocity of a moving flow in space, then
the divergence of a vector field F' at point P(z,y, z) represents a measure of
the rate at which the flow diverges (spreads away) from P. That is, div ?‘
the limit of the flow per unit volume out of the infinitesimal sphere Centered
at P. The curl represents the rotation of a flow, i.e. curl ‘P measures the
extent to which the vector field ? rotates around P.

Suppose that ? is the velocity field in a flowing fluid. Then the curl?
represents the tendency of particles at the point (x,y, z) to rotate about the
axis that points in direction of curl ? The length of curl vector represents
the velocity of that rotation.

If curl? O the vector field ? is called #rrotational.

In field theory there is used a formal vector.

Definition 3. The vector
o 0 0
oz’ (9y 9z

is called Hamilton nabla vector or Hamilton nabla operator.
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The coordinates of this vector are not numbers but some operators. The
first coordinate means that we find the partial derivative with respect to z
for some function etc.

If we treat this vector as an usual vector, we can write for the scalar field

w:f(x,y,z)

Vw = ﬁﬁﬁ w = 8_w(9_w8_w = grad w
-\ 0z’ 9y’ 0z -\ oz’ Oy’ 0z —8

Here we have the formal scalar multiplication of V and w. The order of factors
is important. The quantities on which V acts must appear to the right of V.
The scalar product of V and the vector field = (X(z,y,2);Y(x,y,2); Z(x,y, 2))

Fo (L0 (xy 22X 97 B
v 0 9y 0:) )= Ty T~ W

The vector product of V and the vector field ? = (X(z,y,2);Y(x,y,2); Z(x,y,2))

18

is
o 0 0 0z 0Y 0X 07 9Y 0X
VX?— (%,a—y,a)X(X,Y,Z)— (a_y_gag_%7%_a_y> _Curl?

Hence, using the nabla operator, we can write

gradw = Vw

div?:V-?
curl?:Vx?

Definition 4. The scalar product of nabla vector by itself V2 = V - V is
called Laplacian operator and denoted

A =V?

The scalar product of nabla vector by itself is not a real quantity

but applying this operator to some function, we obtain at every point of the
space a scalar.
Example 2. Find the Laplacian operator for the function w = e” sin(yz).
First we find the first-order partial derivatives
ow

— = e”sin(yz)

ox
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— = ze® cos(yz)

— = ye” cos(yz)
and next
0*w N Pw  *w
oxr?  0y?> 022

= ¢e%sin(yz) — 22" sin(yz) — y’e* sin(yz)

= e"sin(y2)(1 — 22 — y?) = w(l — 2* — ¢?)

Finally we prove some equalities that hold for the scalar field w = f(z,y, 2)
and vector field F = (X;Y: 7).

Corollary 1. divgradw = Aw

Proof We write

2 2 2
Olngraudw:V-gradw:(a 0 0)_(811) Ow aw)_ﬁw Pw  *w

or oy 0:) \or oy 0z) T a2 T2 T 92

1.13 Local extrema of function of two variables

The theory of maxima and minima for the functions of two variables is
similar to the theory for one variable.

Definition 1. It is said that the function of two variables f(x,y) has a
local maximum at the point P;(x1, 1), if there exists a neighborhood of this
point U.(x1,y;) such that for any P(z,y) € U.(z1,11)

f(a:,y) < f(xbyl)

Definition 2. It is said that the function of two variables f(x,y) has a
local minimum at the point P (9, 1), if there exists a neighborhood of this
point U, (2, y2) such that for any P(z,y) € U.(x2,y2)

f(z,y) > f(z2,92)

Local extremum is either a local maximum or a local minimum.

Example 1. By Definition 2 the function z = 2? + 3? has the local
minimum at the point Py(0;0) because f(0;0) = 0 and for any point P(x,y)
different of Py there holds f(x,y) = 2% + 3> > 0.

Example 2. The function z = 2% — y? has no local extremum at the
point Py(0;0). We have f(0;0) = 0 and any neighborhood U.(0;0) contains
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the points of z-axis and y-axis. At the points on z-axis y = 0 and z = 22 > 0,
at the points of y-axis x = 0 and 2z = —y? < 0.

If the function of two variables has local extremum at the point Py(zq, yo)
then the intersection curve of surface (the graph of the function of two va-
riables) and the plain y = y, has local extremum at xo. Hence, the function
of one variable z = f(z, o) has local extremum at x,. It follows that at the

z
point Py either — = 0 or does not exist.
x
As well, the intersection curve of surface and the plain x = x( has local
extremum at yo. The function of one variable z = f(x, y) has local extremum

. . z .
at yo. Then at the point F, either 0 0 or does not exist.
Yy

0
Definition 3. The points, where 8_Z = 0 or does not exist and a—z =0or
x

does not exist, are called the critical points of the function of two variables.

Now we can formulate the theorem.

Theorem 1. (Necessary condition for existence of local extremum). If
the function z = f(x,y) has local extremum at the point P,, then P, is the
critical point of this function.

This theorem says that the function of two variables has a local extremum
only at the critical point of this function. But the condition given in this
theorem is not sufficient for the function to have a local extremum. For
instance the point O(0;0) is the critical point of the function z = 2? — 3?2

z z
because the partial derivatives Fre 2z and ol 2y both equal to zero at
x

this point, but as we know by Example 2, this function has no local maximum
and local minimum at O(0;0).

Because of this theorem we know that if we have all the critical points of
a function then we also have every possible local extremum for the function.
The fact tells us that all local extrema must be at the critical points so we
know that if the function does have local extrema then they must be in the
set of all the critical points. However, it will be completely possible that at
least at one of the critical points the function hasn’t a local extremum.

So the question is how to determine whether the function of two variables
has a local extremum at the critical point or not and if it has, is at that point
a local maximum or a local minimum.

In the following we consider only the critical points where both partial
derivatives equal to zero, i.e. the system of equations

% _y

gz (1.32)
— =0
Ay
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The solutions of this system of equations are called the stationary points
of the function z = f(x,y). Every stationary point is also a critical point
of the function of two variables but not vice versa. There exist the critical
points that are not the stationary points. For instance, for the function z =

\/x2 + y? the partial derivatives

0z x

%Z /$2+y2

and
0z Y

o i
are never simultaneously zero, however they both don’t exist at O(0;0). The-
refore, O(0;0) is a critical point and a possible extremum. The graph of
z = \/x? + y? is a cone opening upwards with vertex at the origin. Therefo-
re, at O(0;0) this function has a local minimum at O(0;0).

We find the sufficient conditions for existence of the local extremum at the
stationary points. Let Py be a stationary point of the function z = f(x,y).
Evaluate the second order partial derivatives at P, and denote

2

and C = 8_§

Py ay Py

0%z
P - Oxdy

0%z

" or?

A

Theorem 2 (sufficient conditions for existence of a local extremum). Let
Py be a stationary point of the function z = f(z,vy).

1. If AC — B2 > 0 and A < 0 then the function z = f(z,y) has a local
maximum at Fp.

2. If AC — B*> 0 and A > 0 then the function z = f(z,y) has a local
minimum at Fp.

3. If AC' — B? < 0 then the function z = f(z,y) has no local extremum
at Po.

Definition 4. If AC — B? < 0 then the stationary point Py is called the
saddle point of the function z = f(z,y).

We obtain the stationary point Py(0;0) of the function z = 22 +y? as the
solution of the system of equations (1.32)

20 =0
2u=20
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We find

0%z
2
_ 0°z _0
0x 0y
and o
_9%_o
Oy?

Hence, AC — B> = 4 > 0 and A > 0. Consequently, by Theorem 2 the
function z = z? + y? has at stationary point P(0;0) a local minimum.

We obtain the stationary point Py(0;0) of the function z = z? —y? as the
solution of the system of equations (1.32)

20 =0
—2y=0

2
0x 0y

We find

and
— ? —
_6y2_

Thus, AC — B? = —4 < 0. Consequently, by Theorem 2 the function z =
r? — y? has’t a local extremum at the stationary point Py(0;0). In other
words: the point Py(0;0) is the saddle point of the function z = 2% — y%.
Example 3. Find the local extrema of the function f(z,y) = 4 + 23 +
3
Yy — 3xy.
The first order partial derivatives are
of

9 322 — 3y and

C -2

Of o o
Dy =3y° — 3z

To find the stationary points we solve the system of equations (1.32)

322 -3y =0

32 —3x =0
or

> —y=0

2 —x=0
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The first equation gives y = 2. Substituting this into second equation gives
' —x =0 or z(z® — 1) = 0, whose solutions are r; = 0 and z, = 1. Since
y = x2, we have two stationary points P;(0;0) and P,(1;1). Next we find the
second order partial derivatives

0 f 0 f o0 f

Since at the first stationary point P;(0;0) the values A = 0, B = —3 and
C =0 and
AC —B*=0-0—(-3)*= -9

the point P;(0;0) is the saddle point of the given function.
At the second stationary point P(1;1) the values A = 6, B
C =6 and

—3 and

AC —B*=6-6—(-3)>=27>0

As well A =6 > 0 and by Theorem 2 the given function has a local minimum
at the point P,(1;1) and this local minimum equals to

Zin =4+ 134+12—-3-1-1=3

Remark If in Theorem 2 AC — B? = 0 then anything is possible. More
advanced methods are required to classify the stationary point properly.

33



2 Multiple integrals

We have finished our discussion of partial derivatives of functions of more
than one variable and we move on to integrals of functions of two or three
variables.

2.1 Definition and properties of double integral

Consider the function of two variables f(z,y) defined in the bounded
region D. Divide the region D into randomly selected n subregions

Asy, Asg, ...y Asg, ..., As,

where Asy, 1 < k < n, denotes the kth subregion or the area of this subre-
gion.

Next we choose a random point in every subregion Py (&g, ) € Asy and
multiply the value of the function at the point chosen by the area of the
subregion f(Py)Asg. If we assume that f(P) > 0 then this product equals
to the volume of the right prism with the area of base Asj and the height
f(Py).

The sum

> F(Po)Asy
k=1

is called the integral sum of the function f(z,y) over the region D. The
geometric meaning is the sum of the volumes of the right prisms, provided
f(xz,y) > 0 in the region D.

The maximal distance between the points of the subregion Asy is called
the diameter of this subregion

diam As; = P
am A, = ma. (PG

We have divided the region into subregions randomly. Every subregion
has its own diameter. The greatest diameter of subregions we denote by A,
ie.

A = max diam As;
1<k<n

Definition 1. If there exists the limit

li
A—0

k=1
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and this limit does not depend of the choice of subregions of D and the choice
of the points Py in subregions, then this limit is called the double integral of
the function of two variables f(z,y) over the region D and denoted

[[ st vydsdy

According to this definition

J[ sty =t S s (2.1)

If f(z,y) > 0 in the region D then the double integral can be interpreted as
the volume of the cylinder between the surface z = f(x,y) and D.

There holds the following theorem.

Theorem 1. If f(z,y) is continuous in the bounded region D then

// [, y)dady
D
always exists.

The proof will be omitted. This theorem tells us that for the continuous
function f(z,y) the limit

A—0

k=1

exists and does not depend of the choice of subregions of D and the choice
of the points Py in subregions.

All of the following properties are really just extensions of properties of
single integrals.

Property 1. The double integral of the sum of two functions equals to
the sum of double integrals of these functions

//[f(:t,y) + 9(z,y)|dedy = // f(x,y)dﬂcdy+//g(fv,y)dxdy

provided all three double integrals exist.
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Proof. We use the properties of the sum and the limit. By Definition 1

[ e + gt ldzay = tim S () + g(RolAs:

A—0

= lim [Z f(Pe)Ask + ZQ(Pk)ASk
k=1 k=1

= lim ; F(Pe)Asy + lim ; g(Py) Asy.

li
A—0
By Definition 1 the first limit equals to / / f(z,y)dzdy and the second limit
D

equals to //g(x,y)d:vdy.

D
Property 2. If ¢ is a constant then

// cf(x,y)drdy = c// f(x,y)dzdy

i.e. the constant factor can be carried outside the sign of the double integral.
The proof is similar to the proof of Property 1.
Property 3. The double integral of the difference of two functions equals
to the difference of double integrals of these functions

//[f(rv,y) — g(z,y)ldxdy = // f(wvy)dxdy—//g(x,y)dwdy.

Property 3 is the conclusion of the properties 1 and 2 because

flx,y) —g(x,y) = f(z,y) + (=1)g(z,y)

Property 4. If D = D,UD, and the regions D; and D, have not common
interior points then

[[ t@vdets= [[ sy + [[ s)dady

Proof. In the definition of the double integral the limit doesn’t depend on
the division of the region D. Therefore, starting the random division of the
region D we first divide D into D; and Ds. Further random division of the
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region D creates the random divisions into subregions of the regions D; and
D,. The integral sum we split into two addends

where the first addend contains the products, having as one factor the area of
the subregions of the region D; and the second addend contains the products,
having as one factor the area of the subregions of the region Dy, The first sum
on the right side of this equality is the integral sum of the function f(x,y)
over the region D; and the second over the region D,.

If A denotes the greatest diameter of the subregions of the region D then
A — 0 yields that the greatest diameter of the subregions of D; and D,
approach to zero. We get the assertion of our property if we find the limits
of both sides of the equality (2.2) as A — 0.

2.2 TIterated integral. Evaluation of double integral

In the previous subsection we have defined the double integral. However,
just like with the definition of a definite integral the definition is very difficult
to use in practice and so we need to start looking into how we actually
compute double integrals. In this subsection we assume that the bounded
region D is closed. There are two types of regions that we need to look at.

The region D is called regular with respect to y axis if any straight line
parallel to y axis passing the interior points of the region cuts the boundary
at two points.

The regular with respect to y axis region can be described by two pairs
of inequalities a < z < b and ¢1(z) < y < @o(x). This notation is a way
of saying we are going to use all the points, (z,y), in which both of the
coordinates satisfy the given inequalities.

Let the function f(x,y) be defined in the region D. The iterated integral
of the function f(z,y) over this region is defined as follows

b w2 (x)
/ / f(z,y)dy | dx
a  \pi(x)
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To compute the iterated integral we integrate first with respect to y by hol-
ding x constant as if this were a definite integral. This is called inner integral
and the result of this integration is the function of one variable x

w2(x)
¢m=/ﬂwm

w1(z)

Second we multiply the function obtained by dr and compute the outer

integral
b

/ (x)dx

a

which is another definite integral. So, to compute the iterated integral we
have to compute two definite integrals. First we integrate with respect to
inner variable y and second with respect to outer variable x. To avoid the
parenthesis we shall further write the iterated integral as

b w2 (x)
[ie [ sy (2.3)
a p1(x)

Example 1. Compute the iterated integral

2

jdx/(x2 + y)dy

0

The region of integration D is described by the inequalities 0 < z < 1
and 0 <y < 2%

First we compute the inner integral by treating z as constant

72

d(z) = /(m2 +y)dy = (a:Qy - y;)

2
X
xt 3zt

0
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and then the outer integral

1
34 5
/idxix_
2 25
0

The region D is called regular with respect to x axis if any straight line
parallel to = axis passing the interior points of the region cuts the boundary
at two points.

1
. 10

The regular with respect to x axis region can be described by two pairs
of inequalities ¢ < y < d and ¥ (y) < = < ¥s(y).

The iterated integral over the region D regular with respect to x axis is
defined as

d b2 (y)
[ [ sewis (2.4)
c 1 (y)

To compute this iterated integral we have to find two definite integrals
again. First we integrate with respect to inner variable x by holding y cons-
tant. The result is a function of one variable y

¥2(y)
U(y) = / f(z,y)dx
Y1(y)
Second we integrate with respect to outer variable y
d
/ U (y)dy

In the iterated integral (2.3) the variable y is the inner variable and z is
the outer variable, in the iterated integral (2.4) the situation is vice versa. The
conversion of the iterated integral from one order of integration to other order
of integration is called the change (or the reverse) of the order of integration.

Example 2. Change the order of integration in the iterated integral

1 z2
0/ di 0/ F(@, y)dy
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In the iterated integral given the inner variable is y and the outer variable
x. After changing the order of integration the outer variable has to be y and
the inner variable x. Note that the limits of the outer variable are always
constants. The limits of the inner variable are in general (but not always)
the functions of the outer variable.

Choosing y as the outer variable, this changes between 0 and 1 that is
0 <y < 1. Solving the equation y = 22 for x we get x = +,/y. The domain
in this example is bounded by the right branch of the parabola z = ,/y, thus,
the variable x in this region is determined by /y < z < 1. Changing the
order of integration, we obtain the iterated integral

jdy/lf(x,y)dfc

VY

Let us evaluate the iterated integral of Example 1 again, using the rever-
sed order of integration, i.e. compute

1 1
/dy/(:z:2 +y)dx
0 VY

Here we integrate first with respect to x

/1(:1:2 +y)dr = (%3 + yx)

VY

b YV

VY

Next we integrate with respect to y

1
1 4 2 gy b3
0

. 10

3 3 3 2 15

The result is, as expected, equal to the result obtained in Example 1.
Example 4. Sometimes we need to change the order of integration to
get a tractable integral. For example, if we try to evaluate

1 1
/dx/eyzdy
0 T

directly, we shall run into trouble because there is no antiderivative of eV’
so we get stuck trying to compute the integral with respect to y. But, if we
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change the order of integration, then we can integrate with respect to x first,
which is doable. And, it turns out that the integral with respect to y also
becomes possible after we finish integrating with respect to x. If we choose

the reversed order for integration then the region of integration is described
by inequalities 0 <y <1 and 0 < z <y, thus

1 1 1 )
/dx/edey: /dy/ede:c
0 x 0 0

Evaluating the inner integral with respect to x we treat y as constant, i.e.
e¥” is a constant factor and
y

2 2
/eydx:ey - T

0

Y 2
= yey
0

Now it is possible to find the outer integral, using the differential d(y?) = 2ydy

1 1

2 ]. 2 1 2
/yey dy =3 /ey d(y*) = 5¢

0 0

1

0

Example 4. Change the order of integration in the iterated integral

/de 6/_yf(x,y)da:. (2.5)

The region of integration is described by inequalities 0 < y < 3 and
y < x <6 —1y. We sketch in the Figure the lines y = 0, y = 3, x = y and
x = 6 — y. Obviously in this region 0 <z < 6 and 0 < y < ¢(x), where

(z) = r, f0<zx<3
)= 6—x, if3<2<6
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By the additivity property of the definite integral

6 o(v) 3 w(x) 6 o(x)
/dx/f(x,y)dy = /dx/f dy—i—/dx/f y)dy
0 0 0 0 3 0

3 6  6-x
:/da:/f dy—I—/d:z:/f y)dy
0 0 3 0

Dividing the region D by the line x = 3 we obtain two regular regions D; and
Dy. The region D, is determined by the inequalities 0 <z < 3and 0 <y <=z
and Dy by inequalities 3 < x < 6 and 0 < y < 6 — z. Consequently, if we
want to change the order of integration in the iterated integral (2.5), we have
to divide the region of integration by the line x = 3 into two regions D; and
D, and determine the limits for both regions.

Why have we paid so much attention to iterated integrals? The answer is
given by the following theorem.

Theorem. If the function f(z,y) is continuous in the closed regular re-
gion D then

p2(z)

//f(m,y)dxdyz/bdw / f(z,y)dy (2.6)
D @ el

This theorem states that the iterated integral equals to the double integral
and so we don’t need the term iterated integral any more. It’s just a mean
to compute the double integral and usually we shall say instead of iterated
integral double integral.

If the region D is regular with respect to x axis then we compute the
double integral by the formula

d P2(y)
/ flz, ydwdy—/dy / f(x,y)dz. (2.7)
c ¥1(y)

If the region is regular with respect to either of the coordinate axes then
we can choose one of these formulas to compute the double integral. Someti-
mes it is unimportant, which order of integration we choose. Sometimes one
order of integration leads to less computational work that another order of
integration. Sometimes (recall Example 4) the computation of double integ-
ral is possible for one order of integration but it is impossible for another
order.

42



Example 5. Compute the double integral //(x + y)dzdy if D is the
D

region bounded by the line x + y = 2 and parabola y = 22.
To sketch the region we find the intersection points of the parabola and
line solving the system of equations

= 1‘2
r+y=2
The second equation gives y = 2 — z. Substituting y to the first equation

gives the quadratic equation 2% + x — 2 = 0, whose roots are x; = —2 and
i) =1.

First we determine the limits of integration —2 < x < 1 and 22 < y <
2 — z. By the formula (2.6)

/ / (z + y)dady j iz 7(95 y)dy

Next we compute the inner integral (we integrate with respect to y, so x is
constant)

2—x

yg 2—x
/(m—l—y)dy: (xy—l——)
2 ).,
$2
9 _ )2 4 2 ‘ 4
= x(2—x)+%—x3—%:2—%—x3—%

and finally the outer integral

1
xQ $4 Ig I4 I5
2 - gt = (20— = - % — —
/( o z)dx (w 6 4 10)
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2.3 Change of variables in double integral

Often the reason for changing variables is to get us an integral that we
can do with the new variables. Another reason for changing variables is to
convert the region into a nicer region to work with. The following example
gives an idea why the change of variable can be useful.

Example 1. Compute the double integral

//(29; — 3y — 4)%dxdy

where D is the region bounded by the lines x+y = -1, x4+y =3, 3y—2x =6
and 2x — 3y = 12.

Notice that the first two lines are parallel and the third and fourth lines are
parallel, i.e. the region D in this example is a parallelogram. The intersection

9 4
point of the first and third line is A ( —), the intersection point of the
14

55
9

first and fourth line is B (g, —€>, the intersection point of the second and
21 6

fourth line is C (3, —g) and the intersection point of the second and third
3 12
55

To compute this double integral by the formula (2.6), we have to divide
the region with two vertical lines into three subregions, compute this double
integral over these three subregions and add the results. The integration
demands quite a lot of technical work, which can be avoided if we use the
change of variables.

Change the variables z and y by the variables u and v by the equations

r = p(u,v)
{ Yy = 1/)(11,1]) (28)

We assume that © = ¢(u,v) and y = ¥(u,v) are one-valued continuous
functions in the respective region of the uv plane and they have continuous
partial derivatives with respect to both variables in that region. In addition
we assume that the system of equations (2.8) can be uniquely solved for the
variables v and v. Then to any point of the region D in xy plane there is
related one point of the region D’ in wv plane and vice versa.

Recall while changing the variable in definite integral we had to express
the differential of the old variable via the differential of the new variable. In

line is D (

44



double integral we change two variables and this relationship is accomplished
by the functional determinant called jacobian

or 0y
ou Ou

J = (2.9)
or 0y
ov Ov

Now the formula of the change of variables in the double integral is
J[ t@asty = [[ oo v@oiade @10
D D’

Let us return to Example 1 of this subsection at let’s change the variable

setting
u=r+y
{ v=2x—3y (2.11)

This way the parallelogram in xy plane converts to the rectangle in uv plane
determined by the inequalities —1 < u < 3 and —6 < v < 12.The integrand
converts to (2x — 3y —4)? = (v—4)2. To compute the jacobian (2.9) we solve
the system of equations (2.11) for the variables x and y

3 1

r= gu + SU
21
Y5 TR
and find the partial derivatives
dr 3 0Oy 2
du 5 du 5
ox oy

1
v 5 v 5
Thus, the jacobian

3 2
5 5

J= _ 3 z2_1
11 25 25 5
5 5

and by the formula of change of variable (2.10) we find

12

3
1 1 1
//(2x — 3y — 4)*dxdy = //(U - 4)25dudv =% / du/(v —4)*dv = 4035
D D

-1 —6
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2.4 Double integral in polar coordinates

If we substitute the Cartesian coordinates z and y by the polar coordinates
@ and p, we use the formulas

T = pcosy (2.12)
y =psing '

Recall that ¢ denotes the polar angle and p the polar radius.

To the constant polar angles there correspond the straight lines passing
the origin in xy plane and to the constant polar radius there correspond the
circles centered at the origin in xy plane. Therefore, first of all we use the
change of variable (2.12) if the region of integration is a disk or the part of
disk.

To use the formula (2.10) we find f(z,y) = f(pcosy, psinp) and the
jacobian

oz Oy :
J— |9 ag|_|psing pcose —
g—i g—g Cos sin ¢

Since p is the polar radius, which is non-negative, we have |J| = p.

Suppose the region D in xy plane converts to the region A in ¢p plane.
Then the general formula (2.10) gives us the formula to convert the double
integral into polar coordinates

é/f(x,y)dxdy = {/ Fpcosp, psin ) pdpdp (2.13)

Example 1. Convert to polar coordinates the double integral

[[ st vydsy

if the region of integration D is the disk 2% + y? < 4y.

The region D is bounded by the circle 22 + y?> = 4y. Converting this
equation, we have 2% +1y*—4y = 0, i.e. 2 +y? —4y+4 = 4 or 2°+(y—2)? = 4.
This is the equation of the circle with radius 2 centered at the point (0;2).

The z axis is the tangent line of this circle, hence, the polar angle changes
from 0 to 7, i.e. 0 < ¢ < 7. The least value of the polar radius is 0 for any
polar angle. The greatest value of the polar radius depends on the polar
angle. To get this dependence, we convert by (2.12) the equation of the circle
2% + y? = 4y into polar coordinates

p? cos? o + p?sin® p = 4psin @
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which yields
p=4sinp
Thus in the disk given, the polar radius satisfies the inequalities 0 < p <
4 sin .
By the formula (2.13) we get

//f z,y)drdy —/ f(pcos p, psin p)pdpdp

where A is determined by the inequalities 0 < ¢ < 7w and 0 < p < 4sin .
Using the iterated integral, we obtain

4sin

//f T,y da:dy—/dso / f(pcosp, psinp)pdp

Example 2. Using the polar coordinates, compute the double integral

// dxdy
2 +y?+1

if the region of integration D is bounded by y = 0 and y = /1 — x2.
Since 22 +y? +1 = p?cos’ o + p*sin® o + 1 = p? + 1, then

/ / dxdy pdpdp
x?+y?+ 1

p*+1
The region D is bounded by x axis and the upper half of the circle 22 +y? = 1.
The region D in Cartesian coordinates converts to the region A in polar
coordinates, determined by the inequalities 0 < o < 7 and 0 < p < 1. Thus,

pdp
p*+1

pdpdp
p*+1

First we find the inside integral. Since the differential of the denominator
d(p? + 1) = 2pdp, then

1

1
=—-1n2
2

1
pdp _1/d(p2+1)_1

== = —In(p*+1
ai12) g1 ot
0

0

Now, the outside integral

™ m

1 1
/§ln2d<p:§ln2/dg0:gln2

0 0
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2.5 Computation of areas and volumes by double integ-
rals

While defining the double integral we got the geometrical meaning of this.
Assuming that f(x,y) > 0 in the region D, the double integral

[[ st vydody

is the volume of the solid enclosed by the region D in the zy plane, the
graph of the function z = f(z,y) and the cylinder surface, whose generatrix
is parallel to z axis. This idea can be extended to more general regions.

Suppose that in the region D for two functions f(x,y) and g(x,y) there
holds f(x,y) > g(x,y). The property of the double integral gives

//[f(fv,y) — g(@, y)]dzdy = // f(fv,y)dafdy—//g(%y)d:vdy

Geometrically both integrals on the right mean the volumes of the solids.
The first integral equals to the volume of the solid that lies below the surface
z = f(x,y) and above the region D in the zy plane. The second integral
is the volume of the solid that lies between the surface z = g(z,y) and the
region D.

Thus, the volume is computed by the formula

V= é/[f(x,y) — g(,y)]dzdy (2.14)

This is the volume of the solid enclosed by the surface z = f(x,y) from
the top, by surface z = g(z,y) from the bottom and the cylinder surface,
whose directrix is the boundary of the region D and generatrix is parallel to
Z axis.

Example 1. Compute the volume of the solid enclosed by the planes
r=0,y=0,z=0andz+y+z=1.
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The pyramid is bounded by the plane z = 1 — x — y from the top and by
xy-plane z = 0 from the bottom. Using the formula (2.14) f(x,y) =1—z—y
and g(x,y) = 0. The volume of the pyramid is

V= [[a-a- sy

The region D is determined by inequalities 0 <z < land 0 <y <1 —z,

thus,
1
V= /dx
0

First we compute the inside integral

T

(1 -2 —y)dy

SY~T

T x

(1—z—y)dy = — /(1—x—y)d(1—:c—y) = -z —y)” y)*

oY~

and second the outside integral

1

!
6

0
0 0

If the height of the solid f(z,y) = 1 at any point of the region D, then
the volume of this solid V' = Sp - 1, where Sp is the area of the bottom (the
region D). So, in this case the area of the bottom and the volume of the solid
are numerically equal. Substituting the function f(z,y) = 1 into the formula

V= [[ f)dady

we get the formula to compute the area of the plane region D

Sp = // ddy (2.15)

Example 2. Compute the area of the region bounded by the lemniscate
(22 + 1) = a®(2® — y?).

49



Converting the equation of the lemniscate into polar coordinates, we ob-

tain p = a+/cos 2¢p. Hence, —g < 2p < g, which yields —% < < % or

The lemniscate is symmetrical with respect to the z axis and y axis.
Therefore we compute the area of the region D bounded by the lemniscate
in the first quadrant of the coordinate plane and multiply the result by 4.
Converting the the formula (2.15) to polar coordinates gives

—4//dxdy—4//pdg0dp

The region of integration A is determined by the inequalities 0 < ¢ < Z and
0 < p < ay/cos2¢. Hence,

I ay/cos 2¢
S:4/dgp / pdp
0 0

Computing the inside integral gives

a~/cos 2¢
2
/ pdp ="
2
0

and the outside integral

a/cos2p CL2

= —cos2
5 COS2¢

0

us

cos 2¢0d(2p) = a*sin2p| = a®

02
5:4/—0052g0dg0:a2
2 0

o
INE]

2.6 Definition and properties of triple integral

We used a double integral to integrate over a two-dimensional region
and so it’s natural that we’ll use a triple integral to integrate over a three-
dimensional region. Suppose the function of three variables f(x,y, z) is defi-
ned in the three dimensional region V. Choose the whatever partition of the
region V' into n subregions

Avy, Avy, ..., Avg, ..., Av,

where Avy denotes the kth subregion, as well the volume of this subregion.
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For each subregion, we pick a random point Py (&, m, (x) € Avy, to repre-
sent that subregion and find the product of the value of the function at that
point and the volume of subregion f(Py)Auv. Adding all these products, we
obtain the sum

Zf(Bk)Avk; (2.16)
k=0

which is called the integral sum of the function f(x,y,z) over the region V.
Let
diam Avy = max ]ﬁ)\

P,QeAvy

be the diameter of the subregion Awvg and A the greatest diameter of the
subregions, i.e.

A = max diam Auvy,
0<k<n

Definition. If there exists the limit

A—0

k=0

and this limit doesn’t depend on the partition of the region V' and the choice
of the points P in the subregions, then this limit is called the triple integral
of the function f(x,y, z) over the region V' and denoted

///f(x,y,z)d:cdydz

Thus, by this definition

/// f(z,y, z)dxdydz = lii%zn:f(Pk)AUk (2.17)
1% k=0

If the function f(z,y,z) is continuous in the closed region V', then the
triple integral (2.17) always exists.

The properties of the triple integral are quite similar to the properties of
the double integral.

Property 1.

/V/ / [f(x,y, 2)Eg(x,y, 2)|dedydz = /V/ / fla,y, 2)dedydz+ /V/ / g(z,y, z)dzdydz
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Property 2. If ¢ is a constant then

/V// cf(x,y, z)dzdydz = c/v// f(z,y, z)dxdydz

Property 3. If V =V, UV, and the regions Vi and V5 have no common
interior point then

/// f(z,y, z)dxdydz = /// f(z,y, z)dxdydz + /// f(z,y, z)dxdydz

Let f(x,y,2z) > 0 be the density of a three-dimensional solid V' at the
point (z,vy, z) inside the solid. By picking a point P, to represent the sub-
region Av, we treat the density f(P;) constant in the subregion Av, and
the product f(Py)Auvy is the approximate mass of the subregion Awvg. The
approximate mass because we have substituted the variable density f(z,vy, 2)
by the constant density f(Py).

The integral sum is the sum of the approximate masses of the subre-
gions, i.e. the approximate mass of the region V. The limiting process A — 0
means that all diameters of the subregions are infinitesimals. The density at
the point P, represents the density of the subregion Awv, with the greater
accuracy and the integral sum will approach to the total mass of the region
V.

Therefore, if the function f(x,y, z) > 0is the density of a three-dimensional
solid V' then the triple integral equals to the mass of the solid V'

m = /V/ / F(z,y, 2)dvdydz

If the region V has the uniform density 1, then the mass and volume are
numerically equal, i.e. if f(z,y,2) = 1, then the volume of the region V is

computable by the formula
V= /// dxdydz (2.18)
v

An example how to use this formula we have later.

2.7 Evaluation of triple integral

The region V' in the space is called regular in direction of z azis if there
are satisfied three conditions.
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1. Any line parallel to the z axis passing the interior point of this region
cuts the boundary surface at two points.

2. The projection of the region onto xy plane is a regular plain region.

3. Cutting the region by the plane parallel to some coordinate plane crea-
tes two regions satisfying the conditions 1. and 2.

If those conditions are fulfilled, then the region V' is determined by inequa-
lities a < x < b, p1(z) <y < po(z) and Pi(x,y) < z < Yoz, y). We can
define the iterated integral

b w2(x)  a2(zyy)

/d:c / dy / f(z,y,2)dz

a »1() ¥1(z,y)

To compute this iterated integral we have to compute three definite integrals.
First we integrate with respect to the variable z holding x and y constant

w2($7y)
U(x,y) = / f(x,y, 2)dz
P1(z,y)

We call this inside integral and the result is a function of two variables
U(z,y). Next we integrate with respect to the intermediate variable y holding

x constant
p2()

o) = [ Wwv)dy
»1(z)

The result is a function of the one variable ®(z). Finally we compute the

outside integral
b

/ O(x)dx

Notice that the limits of the outside variable a and b are always constants.
The limits of the intermediate variable 1 (z) and ps(z) depend in general on
the outside variable. The limits of the inside variable ¥ (z,y) and (x,y)
depend in general on the outside variable and on the intermediate variable.

1 T Ty
Example 1. Compute the iterated integral /dx/dy/(x +y)dz
0 0 0
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First we integrate with respect to the inner variable z. Since x + y is
constant, then

Yy

/<x+y>dz=<x+y>-z

0

zy
= x2y + my2
0

This result we integrate with respect to intermediate variable y

x+ x4+x4 Sxt
€T = — _——=—
2 3 6

v
s

x 9 .
/(w2y + zy?)dy = 2” - %

0
0

and finally with respect to x

1
5t 5 2°
S dr=2.2
/6 "5 5
0

Since we have assumed that the projection of the region V' onto xy plane
is a regular plane region, then the region V' can be determined by inequalities
c<y<d, pi(y) <z < poy) and Y(x,y) < z < ho(z,y) and the iterated
integral can be defined as

1
g ©

d w2(y)  Ya2(zy)

/dy / dx / f(x,y, 2)dz

c v1(y)  Yi(zy)

Just like we have defined the regular region in direction of z axis, we
can define the regular region in direction of z axis and the regular region
in direction of y axis. In the first case it is possible to define the iterated
integrals
ea(y)  Ya(y,2)

dy/dz / fx,y, 2)dx

v1(y)

S e—

1(y,2:)

or
p2(2 P2 (y,2)

()
/bdz /)dy / f(z,y,2)dx

a w1(z)  Y1(zy)

and in the second case

b p2(x)  Yo(z,2)

/dx/dz / Fa, . 2)dy

a w1(x) 1 (z,2)
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or
b pa(2)  Pa2(z,2)

/dz / dx / flx,y, z)dy

a e1(z)  Yi(w,2)

So, if the region V is regular in direction of all coordinate axes, six orders
of integration are possible. The conversion of the iterated integral for one
order of integration to the iterated integral for another order of integration
is called the change of the order of integration.

The iterated integral has the most simple limits, if the region of integra-
tion is a rectangular box defined by a < x < b, c<y<dand p <z <gq. All
the faces of that box are parallel to one of three coordinate planes.

If we choose x the outer variable, y the intermediate variable and z the
inner variable, we compute

b d q
/dx/dy/f(x,y,z)dy

and, of course, five more orders of integration are possible.

The iterated integral is the appropriate tool to compute the triple integral.
Theorem. If the function f(x,y, ) is continuous in the closed regular region
V', then

b p2(x) P2 (z,y)

/V//f(a:,yw)da:dydz:a/dxw/ dy / F(z,y, 2)dz (2.19)

1(x) ()

Example 2. Compute the triple integral

/// xyzdrdydz
v

if the region V' is bounded by the planesx =0,y =0, z =0 and z+y+2z = 1.

First three planes are the coordinate planes. The fourth plane passes three
points (1;0;0), (0;1;0) and (0;0;1). The intersection line of this plane and
xy plane z =0is x +y = 1.
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The projection of the region of integration onto the xy plane is the triang-
le, which is determined by equalities 0 <z <1 and 0 <y <1 —x. Since the
region of integration is bounded by the plane z = 0 on the bottom and by
2z = 1—x—y on the top, the region of integration is determined by 0 < z < 1,
0<y<l—=zand 0<z<1—2x—y. By the formula (2.19)

1 1—x l—z—y
/// rxyzdrdydz = /dx / dy / xyzdz
1% 0 0 0

First we compute the inside integral

2 Ay

/ ryzdz = xyz— =y
2, 2

Next we integrate with respect to y

/ xy(lLZ_‘Wdy = g / yl(1—2)* = 2(1 — 2)y + y’]dy
x 2y’ vyt
ZE[(l—x)—— (l—x)§+zlo
o [(1—$)4 21 —a) (1—:76)4} (1l —a)
2 2 3 4 24
and finally
2—14 /;E(l —)dr = —— /(—x)(l —z)%dx

2.8 Change of variable in triple integral

Changing variables in triple integrals is nearly identical to changing va-
riables in double integrals. We are going to change the variables in the triple
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integral

/V// flx,y, z)dxdydz

over the region V in the xyz space. We use the transformation

x = p(u,v,w)

y = Y(u,v,w) (2.20)
z = x(u,v,w)

to transform the region V' into the new region V"’ in the uvw space. We assume
that the functions z, y and z of the variables u, v and w are one-valued and
the system of equations (2.20) has unique solution for u, v and w. Then to
any point in the region V' there is related one point in the region V' and vice
versa. In addition we assume that the functions (2.20) are continuous and
they have continuous partial derivatives with respect to all three variables in
the region V.
The jacobian of this change of variables is the determinant

Ty Yu 2
J=\z, vy, =z (2.21)
Ty Y Zu

and we can transform the triple integral over the region V into the triple
integral over the region V' by the formula

/// f(z,y, 2)dxdydz = ///f(90<u’v’w)v¢(“7vaw)ax(u,v,w))|J|dudvdw
) ) (2.22)

2.9 Triple integral in cylindrical coordinates

The cylindrical coordinates are really nothing more than an extension of
polar coordinates into three dimensions leaving the z coordinate unchanged.
For the given point P(z,y,z) in the zyz space we denote P’ the projection
of this point onto zy plane. Denote by p the distance of P’ from the origin
and by ¢ the angle between the segment P’O and x axis. Those ¢ and p are
exactly the same as the polar coordinates in the two-dimensional case.

Definition. The cylindrical coordinates of the point P are called ¢, p
and z.
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Since ¢ and p have in the zy plane the same meaning as the polar coor-
dinates then the conversion formulas from the Cartesian coordinates into
cylindrical coordinates are

T = pcosp
Yy = psinp (2.23)
2=z

Find the jacobian of this change of variables. By the formula (2.21) we
get

/ / !

Yo Yo e

J = T, Y, 2,
.T/ / Zl

z yZ z

The variable z does not depend on ¢ and p, hence, z; =0 and z; = 0. The
variables x and y does not depend on z, i.e. 2/, = 0 and y, = 0. Consequently,

—psing pcose 0
J =1 cosyp sing 0
0 0 1

Expanding this determinant by the last column gives

—psme  peosy 2 2, _
J = cos sin = —psin“p — pcos” Y = —p
Since p is a distance |J| = p.

Let V' be the region in cylindrical coordinates, which corresponds to
the region V' in Cartesian coordinates. By the general formula for change of
variables in the triple integral (2.22) we obtain the formula to convert the
triple integral in Cartesian coordinates into the triple integral in cylindrical
coordinates

/V// f(z,y, 2)dxdydz = /V// f(pcosp, psin g, z)pdedpdz (2.24)

Supposing that the region V' in cylindrical coordinates is given by the

inequalities o < ¢ < 8, pi(p) < p < pa(p) and 21(p, p) < 2 < 2(p, p), we
can write by the formula (2.19)

p2(v)  2z2(p,p)

b
/V//f(m,y,z)dxdydz:a/dgp / dp / Flpcosp, psin g, 2)pdz  (2.25)

p1(p)  z1(p,p)
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1 1—y2  yfa?+y?
Example 1. Convert / dy / dz / f(z,y,2)dz into an integral
—1 0 $2+y2
in cylindrical coordinates.
The ranges of the variables in Cartesian coordinates from this iterated

integral are
—1<y<I1
0<z<+/1—192
Py <z <222

The first two inequalities define the projection D of this region onto xy-
plane, which is the half of the disk of radius 1 centered at the origin. The
third equality determines that the region of integration is bounded by the
paraboloid of rotation z = 2 4+ y? on the bottom and by the cone z =

v/ 2% + y? on the top.

In cylindrical coordinates the equation on the paraboloid of rotation con-
verts to z = p? and the equation of the cone to 2 = p. So, the ranges for the
region of integration in cylindrical coordinates are,

5 <9< 3
0<p<I1
p? <2< p

Now, by the formula (2.25) we write

x2 +y

/dy / dz / flx,y,z dz-/dgo/d,o/f pcosp, psin g, z)pdz

2492

mm

Notice that the limits of integration are simpler in the cylindrical coordinates.
Example 2. Using the cylindrical coordinate, compute the triple integral

V2z—2?

/2dx/ /\/mczz

In Cartesian coordinates the region of integration is defined by the inequa-
lities 0 <2 <2,0 <y <+V2xr—2%2and 0 < z < a, i.e. bounded by the planes
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xr=0,2=2,9y=0, z=0and z = a and by the cylinder y = v/2x — 2. The
generatrix of the cylinder is parallel to the z axis and the projection onto
xy plane is the half circle y = v/2x — 22. This is the upper half of the circle
y? =2x — 2% ora® — 22+ 42 =0, ie.

(=12 +y" =1

which is the circle of radius 1 centered at (1;0).

Convert the integral given into the integral in cylindrical coordinates.

The range of the angle ¢ in the projection of this region onto xy plane is
s

0 < p < 5 Converting the equation of the cylinder 22 + 3?> = 2z into

cylindrical coordinates gives p? cos? ¢ + p*sin® p = 2pcos ¢ or p = 2cos .

Hence, the range for p is 0 < p < 2cosp. We didn’t convert the third

coordinate z, thus, 0 < z < a.
Converting the integrand into cylindrical coordinates gives

2\/p2 cos? o + p?sin? o = zp
Now, by the formula by (2.25)

2cosp a

V2x—x? 2
/dm / dy/z\/:ﬁ—kydz—/dgp / d,o/zp pdz

The integration with respect to z gives

a

2
/zp2dz = pQ%

0

a

0

the integration with respect to p gives

2cosp
2 .3
a
_/ ng_ p

Finally, integrating with respect to ¢, we get

205 _ 4a® cos®
0 3

z z

4 4 4 2 i 03
g cos® pdp = % (1—sin® p)d(sin @) = % <singp — 51113 go) ’0 =5
0 0

(VB
oo
S

V)
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Finally we use the formula (2.18) to compute the volume of a solid.

Example 3 Compute the volume of solid bounded by the cone z =
/2% + y? and paraboloid of revolution z = 2 — 22 — y%.

First we find the intersection of these two surfaces. The equation of the
cone can be converted to

22— a2 gy
and substituting 22 + y? into the equation of paraboloid we get z = 2 — 22
or 22 +2—-2=0.

This quadratic equation has two solutions z; = 1 and 2z = —2. The
second solution is impossible because of the equation of cone. Thus, these
two surfaces intersect on the plane z = 1 and the intersection curve is the
circle 22 + y* = 1.

According to (2.18) the volume is

V= /V/ / drdyd

To evaluate this triple integral we use cylindrical coordinates. The projection
of this solid onto xy-plane is the disk 22 + 3? < 1. In cylindrical coordinates
this disk is determined by inequalities 0 < ¢ < 27 and 0 < p < 1. The
surface on the top is paraboloid of revolution and the surface on the bottom
is cone. In cylindrical coordinates x? + y*> = p* thus, the equation of the
cone is in cylindrical coordinates z = p and the equation of the paraboloid is
z = 2— p?. Consequently, in this region p < 2z < 2— p? and our triple integral
is in cylindrical coordinates

27 1 2—p?
V:///dxdydz:/dcp/dp / pdz
1%

0 0 P
Integration with respect to z gives
2—p?

p-z =p2—p*—p)=2p—1p° - p’

p
Integration with respect to p gives
1

4 3
2_3_2d: 2_p__p_
/(p p” —p7)dp (p 13

0

and the volume of the solid is

21

2T
5 5
0
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3 Line and surface integrals

Line integral is an integral where the function to be integrated is evaluated
along a curve. The terms path integral, curve integral, and curvilinear integral
are also used.

3.1 Line integral with respect to arc length

Suppose that on the plane curve AB there is defined a function of two
variables f(z,y), i.e. to any point (x,y) of this curve there is related the
value f(x,y). Let

AZPO: Pla P27 "‘7Pk—17 Pk7 S PTL:B
the random partition of the curve AB into subarcs fﬁk, k=12, ..., n.

From every subarc we pick a random point Qx(&x, k) € Pr—1 P

Denote by Asy the length of the subarc ﬁk. Now we multiply the value
at the point chosen by the length of subarc f(Qy)Asy, where k =1, 2, ..., n.
Adding all those products, we get the sum

$n=Y_ [(Qi)Asy (3.26)

which is called the integral sum of the function f(x,y) over the curve AB.

We have the random partition of the curve AB. Therefore, the lengths Asy
of subarcs Pj_; P, are different. Denote by A the greatest length of subarcs,
ie.

A = max Asy
1<k<n

Definition. If there exists the limit

lim s,,
A—0

and this limit does not depend on the partition of AB and does not depend
on the choice of the points Q); on the subarcs, then this limit is called the
line integral with respect to arc length and denoted by

Aé f(z,y)ds
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Thus, by the definition
[ fwds =1 S Qs
AB k=1

Line integral with respect to arc length is also referred as line integral of a
scalar field because f(x,y) defines a scalar field on the curve AB.

Suppose the curve AB is the piece of wire. If the function p(z,y) > 0
represents the density (mass per unit length) for wire AB, then the product
p(Qr)Asy is the approximate mass of subarc Asy and the integral sum

Z p(Qr)Asg

k=1

is the approximate mass of the wire AB. For shorter subarc the value p(Qy)
represents the variable density p(x,y) of subarc with greater accuracy. Thus,
in this case the limit of the integral sum, i.e. the line integral with respect to
arc length gives the mass of the wire AB:

m = /p(m,y)ds (3.27)
AB

The properties on the line integral with respect to arc length can be
proved directly, using the definition.

Property 1. The line integral with respect to arc length does not depend
on the direction the curve AB has been traversed:

[ swwis= [ says

Property 2. (Additivity property) If C' is some point on the curve AB,

then
fle,y)ds = | f(x,y)ds+ [ f(z,y)ds
s [ |
Property 3.
/[f(x,y)ig(w,y)]dS— /f(x,y)dsi /g(x,y)ds
AB AB AB

Property 4. If c ic a constant, then

/cf(ﬂ%y)ds = cAé f(z,y)ds

AB
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Property 5. Taking in the definition of the line integral with respect to
arc length f(z,y) = 1, we get the integral sum

n
Sy = E As;y,
k=1

which is the sum of lengths of subarcs. This is the length of arc AB for any
partition. Thus, for f(z,y) = 1 the line integral gives us the length of arc

AB:
SAp = /ds

AB

Property 5 can be also obtained by taking in (3.27) the density p(z,y) = 1
because then the mass and the length of the curve are numerically equal.

Any point of the curve AB in the space has three coordinates Qy (x., k., Cx)-
So, the function defined on the space curve is in general a function of three
variables f(x,y, z). Defining the line integral with respect to arc length along
the space curve we do everything like we did in the definition for the two-
dimensional case:

[ v 2)ds = tim 3 f(@u s (3.28)
AB k=1

Of course, five properties of the line integral for three-dimensional case
are still valid.

3.2 Evaluation of line integral with respect to arc length

Suppose that the parametric equations of the curve AB in the plain are

{rom

and the parametric equations of the curve AB in the space are

x = x(t)
y = y(t)
z = 2(t),

where at the point A the value of the parameter t = o and at the point B
the value of the parameter t = .
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d
Definition 1. The plain curve AB is called smooth, if & = d—f and gy = i

dt
are continuous on [a; 3] and
R |
. . . e dx
Definition 2. The curve AB in the space is called smooth, if ¢ = R
d d
Y= d—i{ and 2z = d_j are continuous on [a; ] and

P+t + 2 #£0

Intuitively, a smooth curve is one that does not have sharp corners.
Theorem 1. If the function f(z,y) is continuous on the smooth curve
AB, then

B8
/ﬂmww—/#mmmm¢ﬁ+wﬁ (3.29)

Theorem 2. If the function f(x,y, z) is continuous on the smooth curve
AB, then

B
/ .y, 2)ds = / Fla@),y(t), 2O+ P + 2dt (3.30)

If v(t) = (z(t),y(t), z(t)) is the position vector of a point on the curve,
then the square root in the formula (3.30) is the length of £(¢) = (2(¢),y(¢), 2(t))
iLe |[F(t)] = /2% + 9 + 22. The formula (3.30) can be re-written as

B
/}m%aﬁzjjmwmmamwmw

Suppose the curve AB is a graph of the function y = ¢(z) given explicitly,
at the point A z = a and at B x = b. The curve is smooth, if there exists
¢'(x) on the interval [a; b].

Theorem 3. If the function f(x,y) is continuous on the smooth curve

AB, then
b

/f(x,y)ds:/f[x,go(:v)]\/ler’de (3.31)
AB a
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This theorem is the direct conclusion of Theorem 1 because treating the

dy ,

dz

Example 1. Compute the line integral /—S, where AB is the seg-
=Yy

variable x as the parameter, we have £ = 1 and y =

ment of the line y = 22 — 3 between coordinate axes.

The line is the graph of the function given explicitly. Therefore, we use
for the computation the formula (3.31).

At the intersection point by y axis x = 0 and at the intersection point by

3
raxisy =0, le. x = 7 To apply the formula, we find y = 2 and 1+ ¢'? = 5.

Thus,
3
[d3— 1)
__\/5/_
3—x
0

3 1
= —\/g (ln%—lnB) :—\/51n§ = \/51112
0

Njw

r—y J z— (22 —3)

/‘ds V5dz

AB

= —V5In|3 -zl

Example 2. Compute the line integral /\/st, where AB is the first

AB
arc of cycloid x = a(t — sint), y = a(1 — cost).

For the first arc of cycloid 0 < ¢ < 27. To apply the formula (3.29), we
find & = a(1 — cost), y = asint and

P2+ = a*(1—cost)*+a?sin®t = a*(1—2 cos t4cos? t+sin*t) = 2a*(1—cost)

By the formula (3.29)

/ Vids = 7\/a(1 — cost)/2a*(1 — cost)dt =

21

= 2maVv2a

0

27
a\/Z_a/(l — cost)dt = av/2a(t — sint)
0

Example 3. Compute the line integral /(2z — v/ 2%+ y?)ds, where AB

AB
is the first turn of conical helix x = tcost, y = tsint, z = t.
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For the first turn of conical helix 0 < ¢t < 27. Find © = cost — tsint,
y=sint+tcost, 2 =1 and

#* + 9 + 2% = (cost — tsint)® + (sint +tcost)? +1 =
cos’t — 2tcostsint + t?sin®t +sin®t + 2tsintcost + t2cos®t + 1 = 2 + t2

By the formula (3.30) we obtain

2
/(22 — V2 +y?)ds = /(Qt — V2 cos? t + 2 sin? HV2 + t2dt =
AB 0
2 21 2
1
/@t—ﬂV2+ﬁﬁ:i/nQ+¢Mh:5/v?+ﬁﬂ2+ﬂ):
0 0 0
L2+ 2+ 2+4n)V2 +4r2 - 2V/2
2 2 3 | 3

3.3 Line integral with respect to coordinates

In the first subsection we defined the line integral for the scalar field.
Now we are going to define the line integral for the vector field. First we
consider the two-dimensional case. Let AB be the curve in the plain and

= (X(z,y);Y(x,y)) a force vector. Suppose that the force is applied to
an object to move it along the curve AB. The goal in to find the work done
by this force. To do it, we first divide the curve AB with the points

A=PFy, P, ..., Po.1, P, ..., P,=B
into subarcs Pk/_l\Pk, where £k = 1, 2, ..., n and approximate any subarc

55 —
P,._1 P, to the vector P,_1 P.
Denote the coordinates of the kth partition point P, by x; and y, i.e.
. —_—
Pr(zk; yx) and the coordinates of the vector P,_1 Py by

Axy =z, — Ty

and
AYr = Yr — Yr—1
that is
—_—
Py 1Py = (Axy; Ayy)

—
Let As; be the magnitude of the vector Py, Py:

Asp = \/ Az + Ay?
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and A\ the greatest of all those magnitudes

A = max Asy
1<k<n

Next we choose a random point Q(&;m,) on any subarc ﬁ’k and
substitute on this subarc the variable force vector by the constant force vector

F = (X(&0m): Y (€ i)

Recall that if a constant force ?k is applied to an object to move it along
a straight line from the point P;_; to the point P, then the amount of work

IR
done Ay, is the scalar product of the force vector and the vector Py_qPy:

% %
Ay = Fy - P Py = X (&, i) Az + Y (i, i) Ay

The total work done by the force vector ?, moving an object from the
point A to the point B along the curve is approximately

n

S X () Az + Y (&, 1) Ay, (3.32)

k=1

Approximately because we have approximated the subarc B:l\Pk to the
vector Py_1 P, and the variable force vector F - (X(z,y);Y(x,y)) to the

_>
constant vector Fj, = (X (&, mk); Y (§ky M) )-
Obviously, taking more partition points, the subarcs get shorter and the

vectors P,_1 Py represent the subarcs Py_; P, with greater accuracy. As well,
the constant vector Fy, = (X (&, nx); Y (&, mi)) represents the variable vector
= (X(z,y);Y(x,y)) on Pi_1 P, with greater accuracy.

Definition. If the sum (3.32) has the limit as max As; — 0 and this limit
does not depend on the partition of the curve AB and does not depend on
the choice of points ()5 on subarcs, then this limit is called the line integral
with respect to coordinates and denoted

/ X(z,y)dr +Y (2,y)dy
AB

Thus, by the definition

/X z,y)dx + Y (z,y)dy = hmz (&ks i) Azg + Y (&g i) Ayre] - (3.33)
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If AB is a curve in the space, then

SN
Py 1Py = (Awg; Ayg; Azy)

and the magnitude of this vector

Asy = \/Axi + Ay + Az?
Also the force vector has three coordinates
F = (X(w,y,2); Y (2,9, 2)): Z(2,9, 2))

The line integral with respect to coordinates is defined as the limit

/ X(x,y,z)de + Y (z,y,2)dy + Z(z,y, z)dz

AB

n

A—0
k=1

We consider the properties of the line integral with respect to coordinates
for the curve in the plane. All of this discussion generalizes to space curves
in a straightforward manner.

Property 1. If C' is a random point on the curve AB, then

/ X(z,y)de+Y (2, y)dy = / X (2, y)de+Y (2, y)dy+ / X(2,y)de+Y (2, y)dy
AB AC CB

(3.34)

Property 2. If the curve is traced in reverse (that is, from the terminal

point to the initial point), then the sign of the line integral is reversed as
well:

/X(x, y)dr + Y (z,y)dy = — /X(x, y)dr + Y (z,y)dy (3.35)

3.4 Evaluation of line integral with respect to coordi-
nates

Suppose that AB is a smooth curve in the plain



and the functions X (x,y) and Y (x,y) are continuous on AB. Let at the point
A the parameter t = « and at the point B t = .

Theorem 1. If the functions X (z,y) and Y (z,y) are continuous on the
smooth curve AB, then

B8
/ X (2, y)dz + Y (z, y)dy = / X (x(t), y(t))i + Y ((t) w(t)ildt  (3.36)

«

In three dimensional case there holds the similar theorem. Suppose that
on the line AB

r=ux(t), y=y(t), z = z(t)
there is defined a vector function ?(x, y,2) = X(z,y,2),Y(x,y,2), Z(z,y, 2).
Suppose again that at the point A the parameter ¢ = o and at the point B

t=p.
Theorem 2. If the functions X (x,y, 2), Y(z,y, z) and Z(z,y, z) are con-
tinuous on the smooth curve AB, then

/ Xy, 2)dz + Y (2., 2)dy + Z(w, y, =)d=

AB
B

= /[X(ff(t), y(8), 2(0)2 + Y ((t), y(t), 2(1))y + Z(x(t), y(t), 2(t))2]di

(3.37)

Conclusion. Suppose the plain curve AB is the graph of the function

y = y(x) given explicitly and at the point A = a and at B = = b. Treating
the variable x as a parameter, we obtain © = 1, ¥ = v’ and by the formula

(3.36)

/X(:r, y)dr + Y (z,y)dy = /[X(fc, y(x)) + Y (2, y(x))y'lde (3.38)

a

Remark. Sometimes (especially for vertical lines) it is necessary to consider
y as the independent variable and z as the function x = z(y). Changing the
roles of the variables x and y, we get

b
/ X(,9)dz + Y (2, y)dy = / X(a(y)y)a' + Y(aly)y)ldy  (3.39)
AB a

A curve L is called closed if its initial and final points are the same point.
For example a circle is a closed curve. A curve L is called simple if it doesn’t
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cross itself. A circle is a simple curve while a figure oo type curve is not
simple. If L is not a smooth curve, but can be broken into a finite number
of smooth curves, then we say that L is piecewise smooth. The line integral
over the piecewise smooth closed simple curve L is often denoted

Jq{X(a:, y)dx + Y (z,y)dy

The positive orientation of the closed curve L is that as we traverse the
curve following the positive orientation the region D bounded by L must
always be on the left.

Example 1. Compute / x cos ydx — y sin xdy over the straight line from

AB
A(0;0) to B(m;2m).

The direction vector of the line is AB = (m;2m) and the parametric
equations
r =t
y = 2mt,
At the point A the parameter t = 0 and at the point B ¢ = 1. To apply the
formula (3.36) we find & = 7 and ¢ = 27. By the formula

1
/ x cosydr — ysinxdy = /(ﬂ't cos 2t - m — 2wt sinwt - 27)dt
0

AB
1

=72 /[t(cos 21t — 4sinnt)|dt = . ..

0
The integral obtained we integrate by parts, taking
u=t, dv=-cos2nt—4sinmnt
Then

1 4
du=dt, v= —sin2nt+ — cosmnt
2 7
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and

1

4
/ (— sin 27t + — cos 7Tt> dt
T

0
1
= —Ar
0

Example 2. Compute j{(a,"Q + y)dx + zydy, where L is the positively

1
=2 |t <— sin 27wt + — COS?Tt)
27

4 1 - 4 y
-+ | — Tt — —smm
42COS 2S

L
oriented triangle OAB with vertices O(0;0), A(2;1) and B(0;1).

The triangle is sketched in Figure 7.3. Notice that the triangle is a simple
closed piecewise smooth curve, because it consists of three smooth lines.

By Property 1

j{(f—l—y)dx—l—xydy = /(x2—|—y)da:—|—xydy—|—/(m2+y)dx+xydy—|—/(x2+y)dx+xydy

L OA AB BO

By Property 2 the direction is important. Compute all three line integrals.
1

The side OA has the equation y = g, 0<zr<2andy = 3 By the formula

(3.38)

[ ecam= [ (#45en 5 e [ (545

OA

The side AB has the equation y = 1, hence, 1y = 0. At the initial point
A x =2 and at the end point B x = 0. Thus, by (3.38)

0 0

/(x2+y)dx+xydy:/(x2+1+x-1'0)d$=/(x2+1)d$

AB 2 2

The third side BO of the triangle is the vertical line x = 0, hence, 2’ = 0.
At the point B y = 1 and at the point O y = 0. To compute the third line

72



integral we use the formula (3.39)

0
/(w2+y)dx+xydy:/[(0—l—y)-O+0-y]dy:0
BO 1

Therefore,

2 0
) Y )
(x* 4+ y)dx + xydy = = + 5 de+ [ (z°+1)dx
L 0 2

Changing the limits in the last integral gives

2

2
y{(x2+y)dx+xydy:/<5%+g—x —1)d
L 0

/ ZL’3 ZE2
__1 = -z
/( - )d*”" (12*4 )
0

We shall return to the last example once more.

0o 3

3.5 Green’s formula

In this subsection we are going to investigate the relationship between
certain kinds of line integrals (on closed curves) and double integrals. Suppose
the functions X (z,y) and Y (x,y) are defined on the simple closed curve L
and in the region D enclosed by this curve.

Theorem (Green’s formula). If the functions X (x,y) and Y (x,y) are
continuous on the closed simple piecewise smooth curve L, the partial deriva-

)% 0 . . . . .
tives — and —— are continuous in the regular region D and L is positively

ox dy

oriented, then

%Xxydx—kaydy//(a—Y—a—X)dxdy (3.40)
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Example. Let us compute the line integral

f@z + y)dz + xydy
L

given in Example 2 of the previous subsection once more, using the Green’s
formula.

Here X (z,y) = 2% + y and Y (x,y) = zy. To apply the Green’s formula

X
(3.40) we find o =Y and = 1. Let D be the region bounded by L. By
T Y
the formula (3.40)
7{(562 + y)dx + zydy = //(y — 1)dzdy
L D

Using Figure 7.3, we determine the limits of integration 0 < x < 2 and
x
5 <y < 1. Hence,

2 1

7{(932 + y)dr + xydy = /dx/(y — 1)dy

L

o
N8

Find the inside integral

1 1

/(y—l)dyZ/(y—l)d(y—l)z 17

and the outside integral

/2 [_ (a:—82)2} dr = _é /Q(I_Q)zd<x_2) _ _%(m _32)3

3.6 Path independent line integral

[SIE]
[SIE]

In this subsection we find out in what conditions the line integral
/ X(z,y)dx + Y (z,y)dy (3.41)
AB

depends only on the endpoints A and B of the line but not on the path of
integration.
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Assume that in the region D containing the points A and B the functions

X(x,y) and Y (x,y) and the partial derivatives — and — are continuous.

y ox
Let’s choose two whatever curves AEB and AF B in the region D joining

the points A and B.

So, we want to know in which conditions for any curves AEB and AFB

/de+Ydy: /de—i—Ydy
AEB AFB

ie.
/ Xdx +Ydy — / Xdr+Ydy=20
AEB AFB

By Property 2 of the line integral with respect to coordinates

/de+Ydy+/de+Ydy—0

AEB BFA

and by Property 1

/ Xdr+Ydy =0
AEBFA
Denoting the closed curve AEBF A = L, we obtain the condition

]{de +Ydy=20 (3.42)
L

This condition we obtain for any curves between any two points A and B
in the region D. We shall call the curve joining the points A and B the path
of integration.

Consequently, if the line integral (3.41) is path independent, then for each
closed curve L in the region D there holds (3.42).

Theorem 1. The line integral (3.41) is path independent in the region
D if and only if for any closed curve L in the region D there holds (3.42).

Next, suppose that for every closed curve L in the region D there holds
(3.42). By the assumptions made in the beginning of this subsection there
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holds Green’s formula. Denote by A the region enclosed by the closed curve
L. According to Green’s formula (3.40)

oy 0X
[ (G5 ) =0
A

oy X _,
or Oy
oy 90X
or  dy
Now Theorem 1 gives us the following theorem.
Theorem 2. The line integral (3.41) is path independent in the region
D if and only if in the region D there holds the condition (3.43).
The path independent line integral (3.41) is also denoted by

Then also

or

(3.43)

B
/Xd:l:—l—Ydy
A

Example 1. The line integral
B
/(21’ cosy — y?sinz)dr + (2y cos v — 2° siny)dy
A

is path independent because

—(2ycosz — 2?siny) = —2ysinz — 2rsiny

ox

and
8—(2x cosy — y*sinz) = —2xsiny — 2ysinx
Y
Example 2. Compute

(2.1)

/ 2xydr + v3dy

(0,0)
This line integral is path independent because

(x?)

AT ) o
Oz v
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and

dy

Thus, we can choose whatever path of integration joining the points (0; 0)
and (2;1). Let’s choose the broken line OBA, where O(0,0), B(2;0) and
A(2;1). Usually, choosing the kind of broken line, whose segments are parallel
to coordinate axes, gives us the most simple computation.

By Property 1 of the line integral with respect to coordinates
(2,1) (2,0) (2,1)
2rydr + x?dy = / 2rydr + x*dy + / 2rydx + x*dy
(0,0) (0,0) (2,0)

The equation of the line OB is y = 0, which gives 3/ = 0. On the segment
OB 0 < x <2 and by the formula (3.38)

(2,0) 2
/ 2xydx+x2dy:/(2x-0+x2-O)dsz
(0,0) 0

The equation of the line BA is x = 2, i.e. 2/ = 0. On the segment BA the
variable 0 <y < 1 and by the formula (3.39)

(2,1) 1
/ 2rydr + 2’dy = /(4y 04+ 4)dy =4
(2,0) 0
Hence,
(2,1
/ 2rydr + 2 dy = 4
(0,0)

If there exists a function of two variables u(x,y) such that the total diffe-
rential of this function is

du = X(z,y)dz + Y (z,y)dy
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ie. X—% and Y = gz,then
0xX 0%u
8_y ~ Qxdy
and
oY  d%u
or Oyox

Because of continuity the condition (3.43) holds.

Recall that the vector field F = (X (x,y),Y (x,y)) is conservative, if Fis
the gradient of a scalar field u(x,y) and the function u(z,y) is the potential

function of F. Then du = X(z,y)dz + Y (z,y)dy is the total differential of
u(z,y) and the condition (3.43) holds.

Conclusion 1. For the conservative vector field F = (X(z,y),Y(x,y))
the line integral (3.41) is path independent.

Conclusion 2. For the conservative vector field F = (X(z,y),Y(x,y))
the line integral over any closed curve L

jl{X(x, y)dr + Y (x,y)dy =0

Conclusion 3. If u(z,y) is the potential function of the conservative
vector field F = (X(z,v),Y(x,y)), then

B B B
/Xxydx—i—ny /du ) = u(z,y)
A A A

3.7 Surface integral of scalar fields

In mathematical analysis, a surface integral is a generalization of multiple
integrals to integration over surfaces. It is like the double integral analog of
the line integral. One may integrate over given surface scalar fields and vector
fields. Let’s start from the integration scalar fields over surface.

Suppose that the function of three variables f(z,y,z) is defined on the
surface S in the ryz axes.

Choose whatever partition of the surface S into n subsurfaces Aoy, (1 <
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k < n), where Aoy, denotes the kth subsurface as well as its area.
On any of these subsurfaces we pick a random point Py (&; nx; () € Aoy
and find the products
f(Py)Aoy,

Adding those products, we get the integral sum of the function f(x,y, z) over
the surface S

ji:tf(}%)Z&Uk
k=1

The greatest distance between the points on the subsurface is called the
diameter of the subsurface diam Aoy. Every subsurface has its own diameter.
In general those diameters are different because we have the random partition
of the surface S. Denote the greatest diameter by A, i.e.

A = max diam Aoy,
1<k<n

Definition 1. If there exists the limit
lim ; f(Py) Aoy,

and this limit does not depend on the partition of the surface S and does
not depend on the choice of points P, on the subsurfaces, then this limit is
called the surface integral with respect to area of surface and denoted

//f(x,y,z)da

By Definition 1

// f(z,y, z)do = }\iir(l)if(Pk)AO'k
g k=1

Sometimes the surface integral with respect to area of surface is referred
as the surface integral of the scalar field. The properties of the surface integral
with respect to area of surface are familiar already. While formulating the
properties, we use the term "surface integral"and "with respect to area of
surface"will be omitted.

Property 1. The surface integral of the sum (difference) of two functions
equals to the sum (difference) of surface integrals of these functions:

J[vte.v.2) 2w 2do = [[ 5600230 % [[ gy 20i0
S S S
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Property 2. The constant factor can be taken outside the surface integral,
i.e. if ¢ is a constant then

//cf(x,y, o — c// @y, 2)do

Property 3. If the surface is the unit of two surfaces, S = S; U Sy and
S1 and Sy have no common interior point, then

//f(x,y,z)daz//f(x,y,z)da+//f(x,y, 2)do
S S1 Sa

Suppose the surface S is the graph of the function of two variables
z = z(z,y). Denote by D the projection of the surface S onto zy plane.
The surface S is called smooth if the function z(x,y) has continuous partial

0z 0z
derivatives — and — in D.

ox oy

The following theorem gives the formula to evaluate the surface integral
with respect to area of surface.

Theorem. If the function f(z,y, z) is continuous on the smooth surface
S and D is the projection of S onto xy plane, then

//f(a:,y,z)daz//f(x,y,z(x,y))\/l—i— (%): (g—;)dedy (3.44)

Thus, in order to evaluate a surface integral we will substitute the equa-
tion of the surface in for z in the integrand and then add on the factor square
root. After that the integral is a standard double integral and by this point
we should be able to deal with that.

If the function f(z,y,z) =1 on the surface S, then the formula

//da—// L () 4 (22 (3.45)
N ox dy Y '

S D
gives us the area of the surface S.

Example 1. Evaluate //(x2 +y*+ 2% do, if S is the portion of the cone
S

z=+/2? 4+ y? where 0 < z < 1.

The plane z = 1 and the cone z = /22 + y? intersect along the circle

$2+y2:1
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The projection of the portion of the cone onto zy plane is the disk 22+3? < 1.

To apply the formula (3.44) we find

% B x
or /a2 T2
0z Y

U Py

02\ > 02\ > x? y?
\/H<@) +(6‘_y) _\/1+I2+y2+x2+y2_\/§

By the formula (3.44)

é/(x2+y2+22)do = é/(x2+y2+x2+y2)\/§dxdy = 2\/54/(x2+y2)dxdy

and

The region of integration D in the double integral obtained is the disk of
radius 1 centered at the origin. To compute this double integral we convert
it into polar coordinates x = pcosy, y = psing. Then 22 + y?> = p? and
I =p.

The region of integration in polar coordinates is determined by inequali-
ties 0 < p < 27 and 0 < p < 1. Hence,

2 1
2\/5//(332 + ) dxdy = 2\/§/dg0/p2pdp
D 0 0

First we compute the inside integral
1
1
3
dp = -
/ prdp =7
0
and finally the outside integral

27 2
1 2
2\/§/Zd¢:\/7_/d90:7r\/§
0

0
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Example 2. Compute the area of the portion of paraboloid of rotation
z = 22 + 32 under the plane z = 4.

The projection D of the portion of paraboloid of rotation onto zy plane
is the disk 22 + 3? < 4 of radius 2 centered at the origin.we find

0z
ZZ 9
oz o
0z
— =2
dy 4

and

\/1+ <%)2+ <%)2 = 1+ 4a? + 492
Ox Ox
Thus, by the formula (3.45) the area of the portion of paraboloid of rotation
is
//da: //\/1+4x2+4y2dxdy
S D
The double integral obtained we convert to polar coordinates x = pcos,

y = psing. Then 1+ 4% + 4y> = 1 + 4p? and |J| = p and the region D is
determined by 0 < ¢ < 27 and 0 < p < 2. Therefore,

2 2
// V14422 + 4y?dedy = /d(p/\/l—i-élp?pdp
D 0 0

To find the inside integral we use the equality of differentials d(1 + 4p?) =
8pdp, which gives

/\/1+4ppdp— /\/1+4p8pdp

2 s o
1 Vid 1(1+4p*)2
= = [(1+4p? 4p?) = —— L
0 2
1 2 TVIT -1
= E(l +4p2)\/ 1 +4p2 = T
0

The outside integral, i.e. the area to be computed is

27
17m—1/d@_17\/ﬁ—1 o _ TATVIT— 1)

12 12 T 6
0
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3.8 Surface integral with respect to coordinates

Suppose that S is a surface in the space and let Z(z,y, z) be a function
defined at all points of S. Choose a whatever partition of the surface S into n
nonoverlapping subsurfaces Aoy (1 < k < n). In any of these subsurfaces we
pick a random point Py (&x; mk; k) and compute the value of function Z(Fy).
Let us denote by As;, the projection of Aoy onto zy plane, where As; denotes
also the area of this projection. Next we find the products Z(P;)As; and
adding these products, we get the sum

n

k=1
which is called the integral sum of the function Z(x,y, z) over the projection
of surface S onto zy plane. Let diam As; be the diameter of As,. We have
a random partition of the surface S, hence the diameters of these projec-
tions are different. Denote by A the greatest diameter of the projections of
subsurfaces Aoy, i.e.

A = max diam As;
1<k<n

Definition 1. If there exists the limit

n
A—=0
k=1
and this limit does not depend on the partition of the surface S and it is
independent on the choice of points P, in the subsurfaces, then this limit is
called the surface integral of the function Z(x,y, z) over the projection of the

surface onto xy plane and denoted

// Z(x,y, z)dxdy
S
Thus, by the definition

// Z(x,y, z)dxdy = ,1\5%; Z(Py)Asg (3.46)
g —

Second, suppose that the function of three variables Y (z,y, z) is defined at all
points of the surface S and that As) is the projection of Aoy, onto zz plane.
Choosing again a random point P, € Aoy, we find the products Y (Py)As).
The sum of these products

Z Y (P)As),

k=1
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is called the integral sum of the function Y (x,y, z) over the projection of S
onto zz plane.
Definition 2. If there exists the limit

n
lim » Y(P,)As)
A—0
k=1
and this limit does not depend on the partition of the surface S and it is
independent on the choice of points P in the subsurfaces, then this limit is
called the surface integral of the function Y (z,y, z) over the projection of the

surface onto xz plane and denoted

//Y(ac,y,z)d:cdz

By Definition 2
// Y(z,y,2)dxdz = /l\li% ; Y (Py)As), (3.47)
£ —

Third, suppose that the function of three variables X(x,y, 2) is defined
at all points of the surface S and Asj is the projection of Aoy, onto yz plane.
We choose again random points P, € Aoy, and find the products X (P;)Asy.
The sum

Z X(Py)As),
k=1

is called the integral sum of function X (x,y, z) over the projection of .S onto
yz plane.
Definition 3. If there exists the limit

lim » X(Pp)As)

A—0 —
and this limit does not depend on the partition of the surface S and does
not depend on the choice of points P, in the subsurfaces, then this limit is
called the surface integral of the function X (x,y, z) over the projection of the

surface onto yz plane and denoted
//X(x,y, 2)dydz
s

84



By Definition 3
// X(z,y,2)dydz = ;\li% ; X (Py)As), (3.48)
£ -

In general we define the surface integral over the projection of the vector
function

Flo,y,2) = (X(2,9,2); Y (2,9, 2); Z(2,y,2))
as
// X(x,y, 2)dydz + Y (z,y, 2)dxdz + Z(x,y, z)dzdy (3.49)
S

Remark. Sometimes the surface integral over the projection is also re-
ferred as the surface integral of the vector field.

3.9 Evaluation of surface integral over the projection

Consider the evaluation of the surface integral over the projection onto

xy plane
// Z(x,y, z)dxdy
s

Suppose that the smooth surface S is a graph of the one-valued function of
two variables z = f(x,y). Since the function is one-valued, any line parallel
to z axis cuts this surface exactly at one point.

Definition 1. A smooth surface S is said to be two-sided, if a normal
vector is moved along any closed curve on the surface so that upon return to
the starting point the direction of the normal is the same as it was originally.
In the opposite case the surface is called one-sided.

A well known example of the one-sided surface is the Mdbius band. It
consists of a strip of paper with ends joined together to form a loop, but
with one end given a half twist before the ends are joined.

For a two-sided surface we differ the upper and the lower side of the
surface. The upper side of the surface is the side, where the normal vector
forms an acute angle with z axis. The lower side of the surface is the side,
where the normal vector forms an obtuse angle with z axis.
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The evaluation of the surface integral over the projection depends on
the side of the surface over which we integrate. If the function Z(x,y, z) is
continuous at any point of the smooth surface z = f(x,y), then the surface
integral over the projection onto xy plane is computed by the formula.

/ / Z(w,y, 2)dzdy — + / / Z(w,y, f(z,y))dzdy (3.50)

On the right side of this formula is a standard double integral, where D
denotes the projection of the surface S onto zy plane. Using this formula,
we choose the sign "+", if we integrate over the upper side of surface and we
choose the sign "—" | if we integrate over the lower side of the surface. So, for
any problem there has to be said over which side of the surface we need to
integrate.

If the function Y (z,y, 2) is continuous at any point of the smooth surface
y = g(x,z), then the surface integral over the projection onto xz plane is
computed by the formula

{/Y(x,y,z)dxdz = :I:Z//Y(x,g(m,z),z)d:vdz (3.51)

In this formula D’ denotes the projection of S onto zz plane and the choice
of the sign 4+ or — depends on over which side of the surface the integration
is carried out (i.e. does the normal of the surface forms with y axis acute or
obtuse angle).

If the function X (z,y, z) is continuous at any point of the smooth surface
x = h(y, z), then the surface integral over the projection onto yz plane is
computed by the formula

//X(x,y, 2)dydz = j://X(h(y, 2),y, z)dydz (3.52)
S D//
Here D" denotes the projection of S onto yz plane and the choice of the sign
+ or — depends on over which side of the surface the integration is carried
out (i.e. does the normal of the surface forms with x axis acute or obtuse
angle).
Example. Compute the surface integral

/ / 22dxdy
S

where S is the upper side of the portion of cone z = /22 + y? between the
planes z = 0 and z = 1.
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This portion of cone is sketched in Figure 8.8. The projection D onto zy
plane of this portion of cone is the disk x? 4+ y* < 1. Hence by (3.50)

/ / 2drdy = / / (2% + y*)dwdy

Since the region of integration is the disk, we convert the double integral into
polar coordinates. For this disk 0 < ¢ < 27 and 0 < p < 1, thus,

27 1
//(:v2+y2)dfvdy = /d¢/p2-pdp
D 0 0

Now we compute
1

1
4
3 P 1
dp = —| = —
0
and
27
1 1
“do = = o1 = =
/ 1% T3
0
4 Series
4.1 Series. Sum of series
The series is an infinite sum
u1+u2—|—...—{—uk—|—...22uk (4.53)
k=1

The addends in this infinite sum are called the terms of the series and wuy
is called the general term. If we assign to k some natural number, we get the
related term of the series. In (4.53) the k is called the index of summation
and note that the letter we use to represent the index can be any integer
variable 7, j, [, m, n, .... The first index is 1 for convenience, actually it can
be any integer. We can write (4.53) as

0 00 [
E U = E Uk+1 = E Uk—1 — ...
k=1 k=0 k=2
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A number series is the series, whose terms are numbers. In our course we
consider the series of real numbers. A functional series is the series, whose
terms are functions of the variable z, i.e. up = ux(x), k=1, 2, ...

A geometric series is the series

atag+ag*+ ... +agd"+ ... :Zaqk (4.54)
k=0

where each successive term is produced by multiplying the previous term by
a constant number ¢ (called the common ratio in this context).
The harmonic series is the series

11 1 =1
l+=-4+=-+ ... + -4+ ... = - 4.55
LR R ; - (4.55)
The sum of the first n terms
Sn == Uk
k=1
is called the nth partial sum of the series. The partial sums
S1 = U1
SQ = U + Ug
Sy = U1+ up + + un
define the sequence of partial sums
S1, So, ooy Sy, .. (4.56)

Definition. A series (4.53) is said to converge or to be convergent when
the sequence (4.56) of partial sums has a finite limit. If the limit of (4.56)
is infinite or does not exist, the series is said to diverge or to be divergent.
When the limit of partial sums

lim S, =S

n—oo
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exists, it is called the sum of the series and one writes

S = iuk
k=1

It is important not to get sequences and series confused! A sequence is a
list of numbers written in a specific order while an infinite series is a limit of
a sequence and hence, if it exists will be a single value.

Example 1. The sum of the first n terms, i.e. the n — 1st partial sum of
the geometric series is

k=0 1—yq
If |¢| < 1, then
lim ¢" =0
n—oo
thus,
1 — g™ n
hm S, ;= fm 7)oy ¢y, @
n—00 n—00 —q n%ool—q naool—q 1—q

So, if |¢| < 1, then the geometric series converges and the sum is

a
g —
l—q
If ¢ > 1, then
lim ¢" = o0
n—oo
therefore,

lim S,,_1 = o0
n—0o0

and the geometric series is divergent If ¢ < —1, then lim ¢" does not exist
n—oo

and hence, lim S,,_; does not exist and the geometric series is divergent. If
n—oo

g = 1, then the n — 1st partial sum

-

3
|

-

3

S, = agt = a = na
0 0

=
Il
B
Il

and the limit lim S, ; = lim = na = oo. If ¢ = —1, then the Sy = a,
n—oo n—oo

Si=a—a=0,5%=a—a+a=a,S3=a—a+a—a=0,...We obtain
the sequence of partial sums

a, 07 a, Oa
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which has no limit. Therefore, for ¢ = 1 the geometric series is divergent.
Conclusion. If |g| < 1, then the geometric series (4.54) converges and if
|g| > 1 then the geometric series diverges.
Example 2. To find the nth partial sum S,, of the series

o0

1
k(k+1)

k=1
we use the partial fractions decomposition

1 1 1

kk+1) k& k+1

We obtain
S——n ! = 1-+1 + 1%— + !
k(1) 120 2:3 0 344 n(n+1)
B 1+1 1+1 1+ +1 1 . 1
N 2 2 3 '3 4 7' nm n+1 n+1

The limit of this sequence, i.e. the sum of this series

1
S = lim <1 — ) =1
If we ignore the first term the remaining terms will also be a series that
will start at k& = 2 instead of £ = 1 So, we can rewrite the original series

(4.53) as follows,
D we=m ) uy
k=1 k=2

We say that we’ve stripped out the first term. We could have stripped out

the first two terms
o0 o0
Zuk = Uy +u2+Zuk
k=1 k=3

and first any number of terms respectively,

Zuk:u1+uz+...+um+ Z uk:Zuk+ Z U
k=1

k=1 k=m+1 k=m+1

The first sum on the right side of this equality is the mth partial
>
k=1
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sum of series (4.53). This is a finite sum, which is always finite. Assuming
that n > m, we can write the nth partial sum

n m n
D w=D) ut ), w
k=1 k=1

k=m-+1

or

Sn = Sm + Snfm

where

n
Sn_m = Z U
k=m+1
Now, if S,, has the finite limit as n — oo, then S,,_,, must have also the finite
limit. Conversely, if S,,_,, has the finite limit as n — oo, then adding the
finite sum .5, leaves the limit finite.

Similarly, S,, has the infinite limit or does not have the limit if and only
if S,,_,, has also the infinite limit or has no limit.

Conclusion. Stripping out the finite number of terms from the begin-
ning of the series leaves the convergent series convergent and divergent series
divergent. As well, adding the finite number of terms to the beginning of the
series does not make the convergent series divergent and does not make the
divergent series convergent.

4.2 Necessary condition for convergence of series

Suppose that the series (4.53) converges to the sum S, i.e.

lim S, =5

n—oo

The nth partial sum can be written

n n—1
S, = Zuk = Zuk—l—un
k=1 k=1
or
Sn == Sn_1 + Up,

hence,
Up = Sn - Sn—l

The convergence of the series gives, since if n — oo then n — 1 — oo,

lim u, = lim S, — lim S,,_1=5—-5=0
n—oo n—o0 n—oo
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We have proved an essential theorem, so called necessary condition for
the convergence of the series.
Theorem 1. If the series (4.53) converges, then the limit of the general

term
lim w, =0 (4.57)

n—oo

This theorem gives us a requirement for convergence but not a guarantee

of convergence. In other words, the converse is not true. If lim u, = 0 the
n—oo

series may actually diverge. For example, the limit of the general term of the
harmonic series (4.55)

o
but the harmonic series is divergent. It will be a couple of subsections before
we can prove this, so at this point the reader has just to believe this and
know that it’s possible to prove the divergence.

In order for a series to converge the series terms must go to zero in the
limit. If the series terms do not go to zero in the limit then there is no way
the series can converge since this would contradict the theorem, i.e. there
holds.

Conclusion (the divergence test). If nh_{]go up, # 0 then the series (4.53)

diverges.
For example the series

o
do1
k=1
is divergent because the limit of the constant term is that constant,

lim 1 =10
k—o0

4.3 Convergence tests of positive series

In Mathematical analysis there exist a lot of tests that give us the pos-
sibility to decide whether the series converges or diverges. In this subsection
we are going to consider the positive series, i.e. the series (4.53), whose all
terms are positive:

ukZO, /{Z:L 2,
4.3.1 Comparison test

The nth partial sum of the series (4.53) is

Sn = Sn—l + Uy
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Since for any index n u, > 0, then
Sn Z Sn—l

that means, the sequence of partial sums of the positive series is monotonical-
ly increasing. We had the theorem in Mathematical analysis I, which stated
that any bounded monotonically increasing sequence has the finite limit. So,
if we have succeeded to prove that the sequence of the partial sums of the
positive series is bounded, we have proved the existence of the finite limit of
the sequence of partial sums, that is, we have proved the convergence of the
positive series.
The sequence

Sy Sa. il Su

has the finite limit means by the definition of the limit that for any ¢ > 0
there exists the index N > 0 such that for all n > N

|S, — S| <e
This inequality is identical to the inequalities
—e< S5, —-S<e
or

S—e<S,<S+e

which means the sequence is bounded. We have proved the following theorem.
Theorem 1. The positive series (4.53) is convergent if and only if the
sequence of its partial sums is bounded.
Suppose that we have another positive series

o0

> (4.58)

k=1

and we know whether it converges or diverges. For instance we know that
the geometric series (4.54) converges if |¢| < 1 and diverges if |¢| > 1. We
know that the harmonic series is divergent and we know that

> 1
k; k(k+1)

is convergent.
Theorem 2 (the comparison test). 1) If for any £k =1, 2, 3, ...

up < vy
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then the convergence of the series (4.58) yields the convergence of the series
(4.53).
2) If forany k=1, 2, 3, ...

ug > g

then the divergence of the series (4.58) yields the divergence of the series
(4.53).
Example 1. Prove that the series

1 1 1 =1
e I :E -
+4+9+ ta T 25

converges.
We know that the series

k=1 k=2
converges. For any £ = 2, 3, ... it is obvious that
1 _ 1
k2 (k—1)k

and by Theorem 2 the series
1
2
k=2
converges. Adding the term 1 to the beginning of the series preserves the

convergence.
Example 2. Prove that the series

R —il
GrTAY AT TG

diverges.
For any k > 1 there holds the inequality vk < k hence,
1 - 1
k

Vk

The harmonic series (4.55) diverges thus, by Theorem 2 the series given
diverges also.
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4.3.2 D’Alembert’s test

Sometimes the D’Alembert’s test is referred as the ratio test. We consider
again the positive series (4.53).
Theorem (D’Alembert’s test). Suppose there exists the limit

. Uk+1
lim
k—o0 U

=D

1) If D < 1, then the series (4.53) converges.
2) If D > 1, then series (4.53) diverges.
3) If D = 1, then this test us inconclusive, because there exist both

convergent and divergent series that satisfy this case.
[e.9]

1
Example 1. Does the series Z 0 converge or diverge?

. 1 1
and u, = — IS

(k+1) K]

The ratio of two consecutive terms uy; =

U T (k+ Dk k+1

Since D = 0, this series converges by the D’Alembert’s test.
oo

1
Example 2. Does the series Z 7= converge or diverge?

k=1
Compute the limit

1
2 L2
D = lim Grtt _ lim M: lm — =
k—oo U koo 1 koo (k4 1)2
L2

Since D = 1, the D’Alembert’s test is inconclusive, but we know that by

the comparison test that this series converges.
[e.e]

1
Example 3. Does the series Z z converge or diverge?
k=1
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For the harmonic series we have

1
TIT 2
D= lim 2 gy BEL oy
2

so, the harmonic series cannot be handled by the D’Alembert’s test, but we
know that the series diverges.

4.3.3 Cauchy test

Cauchy test is also known as root test of convergence of a series. Let us
consider the positive series (4.53) again.
Theorem (Cauchy test). Suppose there exists the limit
lim Yu, =C
k—o0
1) If C' < 1, then the series (4.53) converges.
2) If C' > 1, then series (4.53) diverges.
3) If C' =1, then this test us inconclusive.
Example 1. Determine if the series

2.5
k=1

2

2| X

is convergent or divergent?

/1.2
To use the Cauchy test we find F/uy = - and evaluate the limit
VE2 1 2
o — _ L 2
€ = Jim /= i =5 =5 Jun b7

0

Since we have the indeterminate form oo”, we apply the L’Hospital’s rule

lim Ink? — Tim > Ink

k—ro0 k—ro0
o (2lnk)y 2
A

and

1 1
C=-e"=-<1
2 73

So, by the Cauchy test the series is convergent.
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Example 2. Determine if the series

[e’) 1 k2
1+ —
> (1)

is convergent or divergent?
The kth root of the general term is

o)

1\*
C = lim Yy, = lim <1+E) =e>1

and the limit

k—o0 k—o0

Hence, by the Cauchy test the series is divergent.

4.3.4 Integral test

Let us consider the a positive series (4.53) once more.
Theorem 5 (Integral test). Suppose u(z) is a continuous positive dec-
reasing on interval [1;00) function, whose values for the integer arguments

are the terms of series (4.53), i.e. u(k) = uy. Then

1) if the improper integral (4.53) / u(x)dx is convergent so is the series
1

(4.53);

1) if the improper integral (4.53) /u(x)dx is divergent so is the series

1

(4.53).
Example 4. Prove that the harmonic series

)
k=1

| =

diverges.
To apply the integral test we define the decreasing function u(z) = —,
x
whose values for the integer arguments x = k are

1
up = u(k) = z
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The improper integral is divergent because

oo
N
dx _ dx :
— = lim [ — = lim In|z|
T N—o0 T N—o0

= lim InN =
1 N—oo

By the Integral test the harmonic series is divergent.

4.4 Alternating series. Leibnitz’s test.

The last tests that we looked at for series convergence have required that
all the terms in the series be positive. The test that we are going to look into
in this subsection will be a test for alternating series. An alternating series

is any series

U — Uy +UF— Ug + ... = Z(—l)k+1uk
k=1
or .
—U]+ Uy — U3+ UL — ...= (—1)kuk
k=1
where up, >0, k=1, 2, ...
The second alternating series we can write
Z(_Ukuk _ Z(_l)kJrluk
k=1 k=1

therefore, it’s enough to look at for convergence of the series (4.59).

Theorem 1. (Leibnitz’s test) If

1) Up > Uk1, k’ZL 2, ...and
2) klim u = 0, then the alternating series (4.59) converges.
—00
Example. For the alternating harmonic series
1 1 1 - 1
l— 4= ——4... = —1)kH =
2 * 3 4 * Z( ) k
k=1
both of the assumptions of the theorem hold because
1> ! > > ! >
27 T kT k+1
and
lim — =0
k—o0

Hence, this series is convergent.
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4.5 Absolute and conditional convergence

In this subsection we assume that the terms of the series

can have whatever signs.
Definition 1. The series (4.60) is called absolutely convergent if the series

] + Jua| + Jug| 4. = D fu
k=1

is convergent.

Theorem 1. If the series (4.60) is absolutely convergent then it is also
convergent.

Proof. The definition of the absolute value

—uy, if up <0

gives us that
0 < up + |ug| < 2fuyl

Since we are assuming that
o

> furl

k=1

> 20uk] =2 Jug
k=1 k=1

is also convergent because 2 times finite value will still be finite. The compa-
rison test gives us that

is convergent then

o0

(a4 )

k=1

is also a convergent series. Now the series (4.60)

S e m 3t b= ) = 3 ) = 5
k=1 k=1 k=1 k=1

is the difference of two convergent series, i.e. convergent.
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By Theorem 1 series that are absolutely convergent are guaranteed to be
convergent. However, series that are convergent may or may not be absolutely
convergent.

Definition 2. The series (4.60) which is convergent but not absolutely
convergent is called conditionally convergent.

Example 1. Alternating harmonic series

- 1
Z(_1>k+1_
k=1 k

is convergent by Leibnitz’s test, but the series

S|y =2

o
k=1
is the harmonic series. By Integral test the harmonic series diverges hence,
alternating harmonic series is a conditionally convergent series.
sin k
2

k

| =

Example 2. Determine if the series Z
k=1

is absolutely convergent,

conditionally convergent or divergent.
Notice that this is not an alternating series. Since |sink| < 1 for any
integer k, then

sin k 1
<
k2 | — k?
1
We know that the series Z w2 converges hence, by Comparison test the
k=1
series
= |sink
>
k=1
. . x~sink
converges, i.e. the series Z 12 is absolutely convergent and Theorem 1

k=1
guarantees its convergence.

While the convergence of the positive series takes place because of the
terms are decreasing with the sufficient speed, then the conditional conver-
gence happens because the terms reduce each other.
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4.6 Power series

A series of functions is the series, whose terms are the functions of some
variable, suppose x

> up(x) (4.61)

If we assign to the variable x a certain value zy that is in domains of all
uy and substitute it into all these functions, we have the numerical values
ug (o), i.e for & = o the series (4.61) is a number series.

Example. Let’s examine the series of functions

ltzta®+. b+ =) aF (4.62)
k=0

1
If the variable x has the value x = 2 we get the geometric series
— 1
>3
k=0

which is convergent, because the common ratio is —.

Assigning to the variable x the value x = 1, we get the number series
1+1+1+...

which diverges by Divergence test. Assigning to the variable z the value
xr = —1, we get the divergent number series

1—14+1—.. . 4+ (=1F+...

Assigning to the variable z the some value zy > 1, we obtain the number
series with general term

u(xg) = xlg

which diverges by Divergence test because

lim x
k—o00

k _
g — ©©

Assigning to the variable x the some value o < —1, we obtain the number
series which diverges by Divergence test because the general term has no
limit.
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It has turned out that for some values of the variable x the series of
functions converges and for other values it diverges.
The partial sums of the series of functions (4.61)

Sp(x) = Z ug(x)

are also functions of the variable x and define a sequence of functions
Si(x), So(zx), ..., Sp(z), ... (4.63)

Definition. The set X of the values of argument x for which the sequence
of partial sums (4.63) is convergent, i.e. there exists the (finite) limit

S(z) = nll_)IIOlc Sp(z) (4.64)

is called the region of convergence of the series of functions (4.61).
It is said that S(x) is the sum of the series (4.61) and one writes

S(z) =) w(x)

Power series is a series of power functions

> gt (4.65)
k=0

or in general
o0

Z cr(r — a)” (4.66)
k=0
where the numbers ¢, are called the coefficients of the series.
The examination of the properties of those series is very similar therefore,
we restrict ourselves with series (4.65).
Example 1. The series

1+x+22+ ... +:1:k+ :Z$k
k=0

is a geometric series for any value of z. This series converges if |z| < 1. Hence,
the region of convergence of this series is open interval X = (—1;1) and the
sum of this series in this interval is

1
k
E A (4.67)
k=0
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It turns out that the regions of convergence of power series have such a simple
structure.

Theorem 1 (Abel’s theorem). If the power series (4.65) converges
for some value of x(, then this series converges absolutely for any value of
|| < |0l

Conversely, if the power series (4.65) diverges for some value of ¢, then
this series diverges for any value of |z| > |x¢|.

According to Abel’s theorem there exists a real number R such that for
|z| < R the series (4.65) converges and for |z| > R diverges. This real
number R is called the radius of convergence of the series (4.65) and the
interval (—R; R) the interval of convergence of this series.

Remark. At the endpoints x = R and © = — R of the interval of conver-
gence the series (4.65) may converge and may diverge. Therefore, to comple-
tely identify the interval of convergence all that we have to do is determine
if the power series will converge for x = R or x = —R. If the power series
converges for one or both of these values then we’ll need to include those in
the interval of convergence.

There are a lot of possibilities to determine the radius of convergence of
power series (4.65). One of these possibilities is to use the formula.

Ck
Ck+1
Example. Find the intervals of convergence of power series

R = lim

k—o0

(4.68)

and

k=1
The radius of convergence is 1 for all of three series. The coefficient of the
first series are ¢, = 1 hence,

1
R=1lm-=1

k—oo 1

The coefficients of the second series are ¢, = z and
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The coefficients of the third series are ¢, = 7= and
. (k+1)?
R=1lm - ——=1
o k2
thus, all three series are convergent if —1 < x < 1 and diverges if |z| > 1.
Determine if these series will converge for z =1 or x = —1.

The general term of the first series at the right endpoint is 1¥ = 1, whose
limit 1 # 0 hence, the series diverges. At the left endpoint the general term
is (—1)*, which has no limit as k — oo, i.e. the series diverges again and the
interval of convergence of the first series is (—1;1)

The general term of the second series at the right endpoint is — hence, the
second series is at the right endpoint the harmonic series, which is divergent.

(=D*

left endpoint the alternating harmonic series, which converges by Leibnitz’s
test. Thus, the interval of convergence of the second series is [—1;1).

At the left endpoint the general term is , 1.e. the second series is at the

The general term of the second series at the right endpoint is y= and
—1)* 1
at the left endpoint ( 2) . The absolute value of both of these is =k By

Example 1 of subsection 8.3 the series

= 1

27

k=1
converges thus, the third series converges at both endpoints and the interval
of convergence is [—1; 1].

Inside the interval of convergence of power series it’s possible to prove.

Conclusion 1. If the radius of convergence of the power series (4.65) is
R, then the sum of this series is continuous on any interval [a;b] C (—R; R).

Conclusion 2. If the radius of convergence of the power series (4.65) is
R, then this series can be integrated term by term on any interval [a;b] C
(—R; R).

Conclusion 3. If the radius of convergence of the power series (4.65)
is R, then this series can be differentiated term by term on any interval
[a;b] C (—R; R).

Now, using the sum of the geometric series (4.67) and conclusions 2 and

3, we can find the power series expansions for many functions.
Example 1. Multiplying both sides of (4.67) by z gives

"L‘ o0 o0
:x_zmkzzmkﬂ
11—z
k=0 k=0
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and the radius of convergence is still 1. It’s easy to verify that

(1:)/: <1—1x>2

and using the term by term differentiation we get the power series expansion
of this derivative

(L i Ly i(k—i—l)
k=0 k=0

and the radius of convergence of the series obtained is 1 again.
Example 2. If we substitute in (4.67) the variable x by —z?, we get

1 1 > ) > )
T g R

and this series converges if | — 2| < 1, which is equivalent to |z| < 1.

Since
X

/ dx
arctanx =
14 22

0

, we obtain the power series of arc tangent function integrating the last series
term by term in limits from 0 to z provided |z| < 1.

T

o) o] I,Qk:—&—l
arctan x = Z(—l)k/x%dx = Z(—l)ka N
k=0 0 k=0 +

and the radius of convergence is 1 hence, the interval of convergence is (—1; 1).
At the left endpoint of the interval of convergence we get the series

> k(_1)2k+1 B > (_1)k
kz%(_l) 2k+1 _];%H

and at the right endpoint

[e.e]

> i

Both series obtained are the alternating series, which converge by the Leib-
nitz’s test and therefore, the interval of convergence of the series obtained is
[—1;1].

So, it may happen that the series obtained as the result of term by term
integration converges at one or both of the endpoints, despite of the initial
series diverges at the endpoints.
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4.7 Taylor’s and Maclaurin’s series

Suppose that the function f(x) is differentiable infinitely many times in
the neighborhood of a. If the coefficients ¢, of the power series

Z cr(x —a)k
k=0
are computed by the formula
f®(a)
C — X (469)

then these coefficients are called Taylor’s coefficients and the series

L) (g
Z SN )(x —a)* (4.70)

k!
k=0

is called Taylor’s series of the function f(x) in the neighborhood of a or
Taylor’s series of the function f(x) in powers z — a. The nth partial sum of
this series is the Taylor’s polynomial

) (g
P =Y W ay

By Taylor’s formula the function f(z) can be represented as
f(z) = Fu(z) + Rn(z)

that is the sum of the Taylor’s polynomial and the remainder.
We know that Lagrange form of the remainder of the Taylor’s formula is

_ (z—a)™ (n+1)
Rufa) = = 1t 0o - )
where 0 < ©® <1
If
a2, Fin(m) =0
then

lim Py(z) = f(x)

which means that the sequence of partial sums of Taylor’s series converges
to the function f(x).
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Therefore, the series (4.72) represents the function f(x) if and only if the
limit of the remainder equals to 0. If lim R, (z) # 0, then the Taylor’s series
n—0o0

of the function f(z) may still converge but it does not represent the function
f(@).

Taylor’s series in the neighborhood of a = 0, i.e. Taylor’s series in powers
x

i / (k)(mx’“ (4.71)

k!
k=0

is called Maclaurin’s series.

4.8 Maclaurin’s series of functions e”, sinx and coszx

In Mathematical analysis I we have proved that Maclaurin’s formula of
nth degree of the exponential function e” is

T __ 1 1 2 1 3 1 n
e —1+ﬁw+ax +§x +”'+HI + R, (z)

and that the limit of the remainder

anrl
lim R,(z) = lim o =0

n—00 n—00 (n + 1)'6

for each z € R and for 0 < 6 < 1. Consequently, Maclaurin’s series represents
the function e” for every real z, i.e.

k $2 ZL‘3

X __ Oo$ _
e _ZH_1+$+§+§+'“
k=0

Also it has been proved that Maclaurin’s formula of 2n + 1st degree of
the sine function sin x is

) T 133 ZL‘5 . x2n+1
sing =—— —+——...+(-1)

TR T T+ Ronga(2)

(2n+1)

whose remainder is

x2n+2

Ropqr(x) = 2n12)

sin (©z + (n + 1))

Since for every x € R and for 0 < 0 < 1

lim R2n+1<l’) =0
n—00
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Maclaurin’s series represents the function sinx for every real x:

00
$2k+1 xS 3:5

Slnﬁzkzom:$—§+a

As well it has been proved that Maclaurin’s formula of 2nth degree of the
cosine function cos x is

.I‘Q ZL‘4 x?n

cost=1——+—— ... +(-1)" 2n) + Ran ()

21 4l

and the remainder

x2n+1

21 cos (@x + (2n + 1)%)

Fon(w) = (2n +

Again, for every x € R and for 0 < 6 < 1

hence, Maclaurin’s series represents the function cosz for every real x:

4.9 Fourier series of 27-periodic functions

For an infinitely many times differentiable function f(x) Maclaurin’s series

expansion is
E 4.72
k=0 k x ( )

Here we have expanded the function f(z) with respect to system of power
fuctions

{1, z,2% ...}

Another system of functions is the system of trigonometric functions
{1; sinz; cosx; sin2x; cos2x; ...; sinkx; coskx; ...} (4.73)

The series with respect to system of trigonometric functions

- EO 4 Z ai cos kx + by, sin k) (4.74)

00
k=1
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is called trigonometric series. We shall see later that taking the constant
a
term as — rather that ap is a convenience that enables us to make ag fit a

general result.
Suppose the function f(x) is 2m-periodic i.e. for each x,z 4+ 27 € X

f(x +27) = f(a)

which means that the values of the function are repeated at interval 27 in
its domain. For this 2m-periodic function we find coefficients of trigonometric
series (4.74)

1 s
ag = ;/f(x)dx (4.75)
1 ™
ap = —/f(x) coskxdr k=1,2, ... (4.76)
m
and -
1
b = —/f(x) sinkzde k=1, 2, ... (4.77)
7T

The coefficients ag, ar and by, defined by (4.75), (4.76) and (4.77), res-
pectively, are called the Fourier coefficients of the function f(z) and the
trigonometric series with these coefficients is called the Fourier series of the
function f(z).

We have got the formulas to compute the Fourier coefficients. But if we
compute the Fourier coefficients by the formulas (4.75), (4.76) and (4.77) and
write the Fourier series expansion
% + ;(ak cos kx + by, sin kx)

we don’t know whether this expansion converges and if it converges, converges
it to f(x) or to some other value. For now we are just saying that associated
with the function f(z) on [—m;7] is a certain series called Fourier series.
Therefore we write

f(z) ~ % + Z ay, cos kx + by, sin kx (4.78)
k=1

The equality sign = can be written instead of ~ only if we have proved the
convergence of the Fourier series to the function f(z).
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Example 1. Find the Fourier coefficients and Fourier series of the square-
wave function defined by

So f(x) is periodic with period 27. Using the formulas (4.75), (4.76) and

(4.77), we find the Fourier coefficients

- L
aoz—/f(l’)dl’:—/dxz—'ﬂ':1
m 77 m

-7 0

™

1 1
ap = — /coskxdm = k—sin kx

™ s

=0
0

0

and

" 1 K 0 if kis even
TR DD = { 2 if ks odd

1/ 1
b, = — /Sink:xdx = ——coskz
s km
0
Thus, a;, = 0 and and by, = 0 for every £ = 1, 2, .... Fourier series of
square-wave function is
2

1 i 2 . 2 .
f(x) ~ =4 —sinx + —sin3x + —sinbxr + . ..
2 0w 3T om

or

- 2
k=0

The following theorem gives a sufficient condition for convergence of the
Fourier series.

Theorem (Dirichlet’s theorem). If f(z) is a bounded 27-periodic
function which in any one period has at most a finite number of local maxima
and minima and a finite number of points of jump discontinuity, then the
Fourier series of f(z) converges to f(z) at all points where f(x) is continuous
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and converges to the average of the right- and left-hand limits of f(x) at each
point where f(z) is discontinuous.

The square-wave function has on half-open interval (—m;7| one local
maximum equal to 1 and one local minimum equal to 0 and two points
of jump discontinuity 0 an 7. Hence, at any point in the open intervals
(—m;0) and (0;7) Fourier series converges to f(z). The left-hand limit at
0is f(0—) = xligl f(z) = 0 and the right-hand limit at 0 is f(0+) =

1 1
lir(r)lJrf(x) = 1 and the average of these one-sided limits is =3 The
T—
left-hand limit at 7 is f(7—) = lim f(x) =1 and the right-hand limit at 7

T—T—
1+0 1

is f(r+) = lim+ f(z) = 0 and the average of one-sided limits is 5
T—T
Thus, at the points of discontinuity the Fourier series of the square-wave
1
function converges to 3" Since sin((2k + 1) - 0) = 0 and sin((2k + 1)7) =0

for any integer k, then the direct computation also gives

- 2 , 1

k=0
and
 — 2 1
— ——sin((2 1 = —
5 —l—; Okt 1)n sin((2k + 1)) 5

k=0
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