Numerical Methods for Equations of
Mathematical Physics.
Homework Problems

Each student has to take one problem from the list A one problem from
and the list B. Solutions may be presented either electronically or in the
printed form.

List A
A1l. Solve the problem
=3u"(z) + (v + 2)u(x) = 4z, =z € (—1,1),
w(=1)+4u(-1)=3, —u'(1)+2u(l)=0

by means of the finite difference method with stepsize h = 0.001. Plot
the graph.

A2. Solve the problem
u'(z) — [cos(z) + 4u(z) =2+ 7, x€(0,5),
W(0) =0, u(5)=3

by means of the finite difference method with stepsize h = 0.01. Plot
the graph.

A3. Solve the problem

—u"(z) + 2zu(z) = 2°, v € (1,2),
u' (1) =u(2) =0,

by means of the Galerkin finite element method with shape functions

;__xﬁ for x € [.Tifl,fl?i]
pi(z) = j:l% for x € [2, 2 14]

0 elsewhere,

where z; = 1 4+ th, h = 0.05. Plot the graph.
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A4. Solve the problem
—u"(z) + (4 — 2)u(z) = 2 +5, v €(0,2),

u'(0) =1, v'(2) =2,
by means of the Galerkin finite element method with shape functions

LoTicL for x € [.Ti_l,.fﬂi]

Ti—Ti—1
_ Ti41—T
@1(33) = x—il+1fxi for x € [xi,xiﬂ]
0 elsewhere,

where z; = th, h = 0.01. Plot the graph.

A5. Solve the problem
—(pu/)'(x) + U(ZL’) - 37 S (07 1) )

u(0) = -1, u(l) =1,

2 if 0<x<05 . .
where p(z) = L 05<x<l1 by means of the Galerkin finite
element method with shape functions

TTTi-1 . .
ea - forae [Ti_1, 7]

pi(r) = ;:1;:; for x € [2;, 2i41]

0 elsewhere,
where x; = ih, h = 0.001. Plot the graph.
A6. Solve the problem
—u"(z) + 6u(z) = —x, z€(0,1),
u(0)=u(1)=0

by means of finite volume method with approximation u; = Z”_l

j=0 UiPi;

T—Ti—1 . .
m fOI' T € [xl,l,mz]

S for x € (x4, Tiv]

vi (l‘) - Tit1—Ti
0 elsewhere
n—1
on the mesh M = (J w;, where w; = (zj_1/2,Tjt1/2), 7 =1,...,n—1,

=1

j_
xj=jh,j=1,...,n, h=0.05 and n = 20. Plot the graph.



A7. Solve the problem
—((z*+ 1)) (2) = @, 2 €(0,1),
uw(0) =2, u(l) =1
n—1

by means of finite volume method with approximation uj, = > =0 Uiti,

Lol for x € [.Ti_l,.lfi]

Ti—Ti—1

QDZ(CE) = ﬁ fOl" T € [.I'Z',Z‘H_l]

0 elsewhere
n—1
on the mesh M = (J w;, where w; = (xj_1/2,Tjt1/2), 7 =1,...,n—1,

7j=1
xj=jh,j=1,...,n, h =0.05 and n = 20. Plot the graph.

List B
B1. Solve the problem
—Au(z,y) + Tu(z,y) = 2* =y, (,y) € Q,
u(z,y) = cosy, (z,y) €T,

where Q = {(z,y) : 1 <2 <3, 1<y <4} andI is the boundary of €,
by means of the finite difference method with stepsizes h, = h, = 0.02.
Plot the graph.

B2. Solve the problem
—AU((I}7y) + 13U($, y) - ‘7‘2 - y27 (I, y) € Qa
U(ZL’,y) =Ty — 57 (x7y> € Fa

where Q = {(z,y) : =1 <2 <0,1<y <2} and I is the boundary of
2, by means of the finite difference method with stepsizes h, = h, =
0.01. Plot the graph.

B3. Solve the problem

—BUg (2, y) — duyy(z,y) + (2 + 20 )u(z,y) = T(x — y),
z € (0,2), ye(0,1),

w(z,0) =5z — 3, u(zr,1) = =22 — 3, u(0,y) = =3, —yu.(2,y) + u(2,y) =7

by means of the finite difference method with stepsizes h, = h, = 0.01.
Plot the graph.



B4. Solve the problem

ug(x,t) — dug,(x,t) = cos(z+t), z € (—1,1),t € (0,2),

u(—1,t) =u(l,t) =2, t € (0,2),

u(z,0) =1+2*, v € [-1,1]
by means of Cranck-Nicolson scheme with stepsizes h = 7 = 0.01. Plot
the graph. (NB! Previous version of this problem contained bound-
ary conditions u(—1,t) = u(1,t) = 1 that are inconsistent with the

initial condition. But solution with these boundary conditions is also
accepted. )

B5. Construct an explicit difference scheme of 2nd order local accuracy for
the problem
U (2, 1) + ug(x, t) — uge(x,t) —ug(x,t) = x+t, € (0,1),t € (0,4),
u(0,t) = u(l,t) =0, t € (0,4),
u(z,0) = u(x,0) =0, = €0,1].
and solve the problem with the space stepsize h = 0.01 and different

time stepsizes 7. Numerically, find maximum 7 for maintaining the
stability.



