Laplace and Poisson equations in two dimensions

Laplace operator in two dimensions

AU(SL’, y) = ng;(ilf, y) =+ uyy(x, y)

Laplace equation

Poisson equation

where f # 0.



An important property of the Laplace operator:

Laplace operator is tnvariant with respect to any

transformation consisting of translations and rotations.

Translation:

¥=z+4+a, yYy=y+b
It holds
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Hence,

Ugy + Uyy = Ug/gr + Uyy



A rotation of a N-dimensional space is given by an

orthonormal matrix:

Vi

x =Ax, A= V2 , vil=1, viev;=01if i#7j

VN

In 2-dimensional case, a rotation is given by
x’ a b x
y ) \-ba Y
where a® 4+ b? = 1.

Defining « so that tana = g, from Pythagoras theorem
we get

a=cosa, b=sina
Consequently,

T = xcosa+ysina

Yy = —xsina+ ycosa



We have

Uy = Uy COS O — Uy SIN
Uy = Uy SIN O + Uy COS (¥

. 2 . .. 9
Upy = Ugrg COS™ QU — 2Ugryy SIN QU COS O + Uyryy SIN™ (v

.2 : 2
Uyy = Ugry SIN” O+ 2ux/y/ SIN (0 COS (¥ == Uy COS™ (¢

Consequently,

Ugr + uyy = Ug'y! + ’U,y/y/



Transformation of the Laplace operator to polar

coordinates.
r=rcost, y=rsinfd
r=+a22+y?, tanf = g
x
Then
0? 0? 02 10 1 0?
A = ——

0x? +8y2 ~ or2 r@erﬁw

(I will not ask the derivation of this formula).



Solving Poisson and Laplace equations in radially

symmetric case.

Let the solution u and source term f be radially sym-
metric, i.e. both depend only on r. Then the Poisson
equation

Au=f

has the form

1
Uy + U= fr)

This is equivalent to

(rug )y =rf(r)

Integrating we obtain

rur:cl+/ sf(s)ds, uT:—Jr—/ sf(s)ds
0 0
and the general solution is

7‘1 g
u:cllnr+02+/ —/ sf(s)dsdo
0 9Jo

where ¢; and ¢y are arbitrary constants.

6



