
Let us consider set of vectors of m real components

x⃗ = (x1, x2, . . . , xn)
T .

Denote this set by Rn.

Norm of vector x⃗ ∈ Rn is a real number ∥x⃗∥ satisfying

the following conditions:

(I) ∥x⃗∥ ≥ 0

(II) x⃗ = 0⃗ if and only if ∥x⃗∥ = 0

(III) ∥λx⃗∥ = |λ| ∥x⃗∥ for all λ ∈ R

(IV) ∥x⃗ + y⃗∥ ≤ ∥x⃗∥ + ∥y⃗∥

Distance between x⃗, y⃗ ∈ Rn is

∥x⃗− y⃗∥.

Examples of norms:

∥x⃗∥2 =
[
x21 + x22 + . . . + x2n

]1/2
∥x⃗∥1 = |x1| + |x2| + . . . + |xn|

∥x⃗∥∞ = max{|x1|; |x2|; . . . ; |xn|}
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Norms of matrices

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

an1 an2 . . . ann


General definition:

∥A∥ = max
x⃗∈Rn

∥Ax⃗∥
∥x⃗∥

.

∥A∥2 = max
x⃗∈Rn

∥Ax⃗∥2
∥x⃗∥2

, ∥A∥1 = max
x⃗∈Rn

∥Ax⃗∥1
∥x⃗∥1

,

∥A∥∞ = max
x⃗∈Rn

∥Ax⃗∥∞
∥x⃗∥∞

Formulas:

∥A∥1 = max
j=1,...,n

n∑
i=1

|aij|

∥A∥∞ = max
i=1,...,n

n∑
j=1

|aij|

∥A∥2 =
√
λmax,

where λmax is biggest eigenvalue of ATA.
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Methods to solve linear systems of algebraic

equations.

a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

. . .

an1x1 + an2x2 + . . . + annxn = bn

Ax⃗ = b⃗

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

an1 an2 . . . ann

 , x⃗ =


x1

x2

...

xn

 and b⃗ =


b1

b2

...

bn

 .
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Direct methods

Gaussian elimination



a11 a12 . . . a1n b1

a21 a22 . . . a2n b2

. . .

ai1 ai2 . . . ain bi

. . .

an1 an2 . . . ann bn




1 β12 . . . β1n θ1

a21 a22 . . . a2n b2

. . .

ai1 ai2 . . . ain bi

. . .

an1 an2 . . . ann bn
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1 β12 . . . β1n θ1

a21 a22 . . . a2n b2

. . .

ai1 ai2 . . . ain bi

. . .

an1 an2 . . . ann bn



New matrix:



1 β12 β13 . . . β1n θ1

0 a′22 a′23 . . . a′2n b′2

0 a′32 a′33 . . . a′3n b′3

. . .

0 a′n2 a′n3 . . . a′nn b′n


Here

a′ik = aik − ai1β1k (k = 2, . . . , n), b′i = bi − ai1θ1 ,

i = 2, . . . , n.
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1 β12 β13 . . . β1n θ1

0 1 β23 . . . β2n θ2

0 0 a′′33 . . . a′′3n b′′3
. . .

0 0 a′′n3 . . . a′′nn b′′n





1 β12 β13 . . . β1n θ1

0 1 β23 . . . β2n θ2

0 0 1 . . . β3n θ3
. . .

0 0 0 . . . 1 θn



x1 + β12x2 + β13x3 + . . . + β1nxn = θ1

x2 + β23x3 + . . . + β2nxn = θ2

. . .

xn−1 + βn−1,nxn = θn−1

xn = θn.
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Band matrices



× ×
× × ×

× × ×
× × ×

. . .

× × ×
× ×




× × ×
× × × ×
× × × × ×

× × × × ×

× × × × ×

. . .

× × × × ×
× × × ×

× × ×
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LU-factorization

A = LU,

where

L =


l11 0 . . . 0

l21 l22 . . . 0

. . .

ln1 ln2 . . . lnn

 U =


u11 u12 . . . u1n

0 u22 . . . u2n

. . .

0 0 . . . unn

 .

lii = 1 Doolittle’s method

uii = 1 Crout’s method
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if A is symmetric, i.e. aij = aji, then is is possible to

take

U = LT ⇔ A = LLT

This is Cholesky’s factorization
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Indirect methods.

Ax⃗ = b⃗

Iteration: choose initial guess

x⃗0 = (x01, . . . , x
0
n)

T .

Compute successively

x⃗1 = (x11, . . . , x
1
n)

T

x⃗2 = (x21, . . . , x
2
n)

T

and so on

Stopping criterion:

∥x⃗k − x⃗k−1∥ < ε
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a11x1 + a12x2 + a13x3 + . . . + a1nxn = b1

a21x1 + a22x2 + a23x3 + . . . + a2nxn = b2

a31x1 + a32x2 + a33x3 + . . . + a2nxn = b3

. . .

am1x1 + am2x2 + am3x3 + . . . + annxn = bn.

Solving for main diagonal:

x1 + a12
a11

x2 + a13
a11

x3 + . . . +
a1,n−1

a11
xm−1 + a1n

a11
xn = b1

a11
a21
a22

x1 + x2 + a23
a22

x3 + . . . +
a2,n−1

a22
xn−1 + a2n

a22
xn = b2

a22
a31
a33

x1 + a32
a33

x2 + x3 + . . . +
a3,n−1

a33
xn−1 + a3n

a33
xn = b3

a33

. . .

an1
ann

x1 + an2
ann

x2 + an3
ann

x3 + . . . +
an,n−1

ann
xn−1 + xn = bn

ann
.

x1 = − a12
a11

x2−a13
a11

x3 − . . .− a1,n−1

a11
xn−1− a1n

a11
xn+

b1
a11

x2 = − a21
a22

x1 − a23
a22

x3 − . . .− a2,n−1

a22
xn−1− a2n

a22
xn+

b2
a22

x3 = − a31
a33

x1 − a32
a33

x2 − . . . − a3,n−1

a33
xn−1− a3n

a33
xn+

b3
a33

. . .

xn = − an1
ann

x1− an2
ann

x2− an3
ann

x3 − . . .− an,n−1

ann
xn−1 + bn

ann
.
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x1 = − a12
a11

x2−a13
a11

x3 − . . .− a1,n−1

a11
xn−1− a1n

a11
xn+

b1
a11

x2 = − a21
a22

x1 − a23
a22

x3 − . . .− a2,n−1

a22
xn−1− a2n

a22
xn+

b2
a22

x3 = − a31
a33

x1 − a32
a33

x2 − . . . − a3,n−1

a33
xn−1− a3n

a33
xn+

b3
a33

. . .

xn = − an1
ann

x1− an2
ann

x2− an3
ann

x3 − . . .− an,n−1

ann
xn−1 + bn

ann
.

Jacobi iteration:

xk1 = − a12
a11

xk−1
2 −a13

a11
xk−1
3 − . . . − a1,n−1

a11
xk−1
n−1−

a1n
a11

xk−1
n + b1

a11

xk2 = − a21
a22

xk−1
1 − a23

a22
xk−1
3 − . . .− a2,n−1

a22
xk−1
n−1−

a2n
a22

xk−1
n + b2

a22

xk3 = − a31
a33

xk−1
1 − a32

a33
xk−1
2 − . . . − a3,n−1

a33
xk−1
n−1−

a3n
a33

xk−1
n + b3

a33

. . .

xkn = − an1
ann

xk−1
1 − an2

ann
xk−1
2 − an3

ann
xk−1
3 − . . .− an,n−1

ann
xk−1
n−1 + bn

ann
.

Gauss-Seidel iteration:

xk1 = − a12
a11

xk−1
2 −a13

a11
xk−1
3 − . . .− a1,n−1

a11
xk−1
n−1−

a1n
a11

xk−1
n + b1

a11

xk2 = − a21
a22

xk1 − a23
a22

xk−1
3 − . . .− a2,n−1

a22
xk−1
n−1−

a2n
a22

xk−1
n + b2

a22

xk3 = − a31
a33

xk1 − a32
a33

xk2 − . . . − a3,n−1

a33
xk−1
n−1−

a3n
a33

xk−1
n + b3

a33

. . .

xkn = − an1
ann

xk1−
an2
ann

xk2 − an3
ann

xk3 − . . . − an,n−1

ann
xkn−1 + bn

ann
.
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Convergence

∥x⃗k−x⃗∗∥ → 0 as k → ∞ where x⃗∗−exact solution

Matrix

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

. . .

an1 an2 . . . ann


is strictly diagonally dominant, if for any i = 1, . . . , n

the inequality

|aii| >
n∑

j=1
j ̸=i

|aij|.

is valid.

IfA is diagonally dominant, then Jacobi and Gauss-Seidel

iterations converge in case of any initial guess.
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Relaxation method.

Formula for i-th row in Gauss-Seidel iteration:

xki =
1

aii

[
bi −

i−1∑
j=1

aijx
k
j −

n∑
j=i+1

aijx
k−1
j

]

Stepsize of going from xk−1
i to xki :

xki − xk−1
i =

1

aii

[
bi −

i−1∑
j=1

aijx
k
j −

n∑
j=i

aijx
k−1
j

]
Change this stepsize by factor ω > 0. Here ω is so-called

relaxation parameter. We obtain

xki − xk−1
i =

ω

aii

[
bi −

i−1∑
j=1

aijx
k
j −

n∑
j=i

aijx
k−1
j

]

Express again xki :

xki = (1− ω)xk−1
i +

ω

aii

[
bi −

i−1∑
j=1

aijx
k
j −

n∑
j=i+1

aijx
k−1
j

]
.

0 < ω < 1 - underrelaxation

ω > 1 - overrelaxation
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Formulas of numerical differentiation.

Taylor’s formula of k+1-times continuously differentiable

function u at xi:

u(x) = u(xi) + u′(xi)(x− xi) +
u′′(xi)

2!
(x− xi)

2 + . . .+
u(k)(xi)

k!
(x− xi)

k︸ ︷︷ ︸
Taylor’s polynomial

+

+
u(k+1)(ξ)

(k + 1)!
(x− xi)

k+1︸ ︷︷ ︸
remainder

.

15



Forward difference formula:

u′(xi) =
u(xi+1)− u(xi)

h
− u′′(ξ)

2
h , ξ ∈ (xi, xi+1)(1)

u′(xi) ≈ u(xi+1)− u(xi)

h
(2)

Backward difference formula:

u′(xi) =
u(xi)− u(xi−1)

h
+

u′′(ξ)

2
h , ξ ∈ (xi−1, xi)(3)

u′(xi) ≈ u(xi)− u(xi−1)

h
(4)
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Symmetric difference formula:

u′(xi) =
u(xi+1)− u(xi−1)

2h
− u′′′(ξ) + u′′′(η)

12
h2,(5)

ξ ∈ (xi, xi+1), η ∈ (xi−1, xi) (6)

u′(xi) ≈ u(xi+1)− u(xi−1)

2h
(7)
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Difference formula for 2nd order derivative:

u′′(xi) =
u(xi−1) + u(xi+1)− 2u(xi)

h2
− uiv(ξ) + uiv(η)

24
h2,(8)

ξ ∈ (xi, xi+1), η ∈ (xi−1, xi)

u′′(xi) ≈ u(xi−1) + u(xi+1)− 2u(xi)

h2
(9)
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FDM for 1D problem

−pu′′(x) + qu(x) = f (x), x ∈ (0, L),

u(0) = a, u′(L) = b.

xi = ih, i = 0, . . . , n, h = L/n.

− p

h2
ui−1 +

(
2p

h2
+ q

)
ui −

p

h2
ui+1 = f (xi), i = 1, . . . , n− 1,(10)

u0 = a, (11)

−un−1

2h
+

un+1

2h
= b, (12)

− p

h2
un−1 +

(
2p

h2
+ q

)
un −

p

h2
un+1 = f (xn). (13)

Here ui ≈ u(xi), i = 0, . . . , n + 1.

Additional gridpoint: xn+1 = L + h.
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