Let us consider set of vectors of m real components

T = (x1,29,...,2,)"

Denote this set by R".

Norm of vector & € R" is a real number ||Z]| satisfying
the following conditions:

() [[z] =0

(I) Z = 0 if and only if ||Z|| = 0
() |[AZ]| = |A|]|Z]| for all X € R
(V) |2+ gl < 121 + [|7]]

Distance between ',y € R" is

Examples of norms:

|2y = [22+ 22+ ... +a2]"?

Hf”l = |$1| + ’I2| + ...+ \xn\

|1Zlloo = max{[za]; [zaf; .. [znl}



Norms of matrices

(an a2 ... aln\
as1 A99 ... (QA9on
A=
\ an1 Ap2 ... ann)

General definition:

A—)
1A]| = max AZIL
reR" || Z]]
AT AT
Al = ma VAT gy g 14T
n n !
R (1] R |17
1AZ]| oo

|Allse = max

Formulas:

n
JAlL = max > Jayl
j=Lym i

n
[Alloe = max > " ay]
1=1,...,n
j=1

[A[l2 = v/ Amax;

where A\, is biggest eigenvalue of AT A.
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Methods to solve linear systems of algebraic
equations.

a11r1 + Q1992 + ... + aipT, = bl

911 + Q99T9 + ... + aoT, = bg

a1 + apoxys + ... 4+ apuTn, = by,
AT =0

(Cln a2 ... am\ (561\ (51\

a1 a2 ... Q2 . %) -
, X = and b=




Direct methods

Gaussian elimination

( aii

a1

a;1

Kam
(1

ai

a1

\ n1

ais ...

as ...

ao ...

Bra ...

as ...

a;o ...

Ain

A2n

Bln

A2n




New matrix:

Here

an. = ai, — ain P (k

(1 B ...

as1 A9y ...

a;1 Qo ...

Kanl an2 ...

(1 B2 Bz ...
0 aby abs ...

/
0 a3 ass ...

/ /
\0 Aoy Qps - - -

Bln 61 \
azn,  bo
Qin b;
Ann, bn )
6171 61 \
ay, b
as, by
i b )
27 * Y n))
1=2,...,N.




(1 B2 bz ...

01 Bog ...
00 ag...
\ 00 al...
(1 B Bus ...
01 623...
00 1...
\ 00 0.

Bln
6271

17
a3n

1
nn

ﬁln
6271
6377,

ry + Brry + Pizrs + ...+ B,

To + 6235133 + ... + ﬁgnl’n =

Tp-1 + Bn—l,nxn —



Band matrices

X X
X X
X X

X

X X
X X X
X X X
X X X
X X
X X X

X X X

X X

X X X X X

X X X X

X X X




L U-factorization

li; =1 Doolittle’s method

w; = 1 Crout’s method




if A is symmetric, i.e. a;; = aj;, then is is possible to
take

U=L" & A=LL"
This is Cholesky’s factorization



Indirect methods.

AZ=1b
[teration: choose initial guess
= (2. .. )T
Compute successively
7= (xi 756711)T
7= (SU%, 73772"L>T

and so on

Stopping criterion:

7% — "1 < e
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1
)

X3

aj1xry + appxre + aijzrsy + + aipr, = b1
ao1X1 + Q92T9 + a93r3 —+ + a9, = bg
asr1 + asgpry + aszrs + + awx, = b3
Am1T1 + Q2% + amaxs + ... + app®, = by,
Solving for main diagonal:
ag a3 1,n—1 aip _ b
—=T —= . _ = —
- a2 T ar - - ajp ~m—l - a11x” ay
23 a2 n—1 aon b
X —==T . _ T = —=
T 2 T as ™ T agy <M1 ™ agy M a9
a3 3,n—1 a3n _ 53
—= i _ —X = —
™ ag3™2 ™ 3 T ™ agg3 n—l T azz” " ass
an2 an3 n,n—1 _ by
—=xT . _ =
+ ann 2 + annxg —l_ —l_ an xn 1 —I_ CCn ann
a2 13 a1n—1 aip by
aj1 2 a3 al Tn—1 auxn+ al
asy as3 a2n—1 asnp by
ag 1 asy agg <M1 a22x”+ a9
asy aso a3 n—1 asn b3
— Blyy — 22yy — — — g4+ 2
agz”'1 az3 agg 1T ags nt az3
anl n2 n3 ann—1 bn
— coly x — .= _
ann 1 ann 2 annxg ann n—1 + ann
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X1
)

X3

a
_ ﬂaj 13333 _
a1q a1l
a a
_ Axl _ ﬂx
a2 a2
a3l 32
a33 1 as3 2
—anla?l n2x2_ n3x3_
ann ann ann

Jacobi iteration:

all 3
a1 k—1 asy k—1
a22 a2
k 1 aszo k—1
— ==

a33 11 az3”’2

Mx/f—l_ an2 33'15_1 _ ap3 xé—l
ann ann Gnn

a12x126 1 a13 k—

I

a1l a1l

a2 .k ag3 .k—1
L1 3

a2 a2
ast ..k a3z .k
a3l ag32
anl l'/f— an2 Z’g __ Gn3 xéﬁ _
Ann Gnn Qnn
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aln—1

Gnn

2

a3n
Ln + a33

7’L

a1n

all

a2n

a3n
CL33

Oin g k=1 b
n

gﬁﬂ%th—l_F b3
n

b
giﬂfﬂan _;L

_|_
6122

Gnn

aii ail

a b
anz 1+ Y2
a2 a2

as3

by,
™ ann
k=1, b1
n ail
k=1 bo
Tn T a22
k: 1y by
a33
bn
+ ann



Convergence

7" =% = 0 as k — oo where #*—exact solution

Matrix
(CLH ao ... aln\
e a1 a2 ... QA2p
\ an1 Ap2 ... ann)
15 strictly diagonally dominant, if for any ¢ =1,...,n

the inequality

n
|CLZ'Z" > ‘CL2|
J
=1
J#i

is valid.

If A is diagonally dominant, then Jacobi and Gauss-Seidel
iterations converge in case of any initial guess.
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Relaxation method.

Formula for 7-th row in Gauss-Seidel iteration:

1—1 n

1
k_ 4 E ok E k=1
“ j=1 j=i+1
Stepsize of going from ! to zF:
7 1

1—1 n

1
ki k—1 _ ok k-1
Tp — T = b, — g Qi g QijT;
a’ZZ

j=1 j=i

Change this stepsize by factor w > 0. Here w is so-called
relaxation parameter. We obtain

w 1—1 n
k k—1 _ o ok k-1
r; —x;,  =—|b E QijT; g QijT;
A — —
J=1 J=t

k.

,L’ .

w 1—1 n
k_ k-1 | ok k1
i = (1—w)x; " + — b; — g ;T — E ;T
“ j=1 j=i+1

Express again x

0 < w < 1 - underrelaxation

w > 1 - overrelaxation
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Formulas of numerical differentiation.

Taylor’s formula of £+ 1-times continuously differentiable
function u at x;:

u(@) = u(z) + ' (z;)(x — ;) + uugc» (@ —2)* + ...+

- - 7

Taylor’s f)rolynomial

ulF ()
+m($ — ZUZ')k—H .

Vv

remainder
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Forward difference formula:

u(z) = u(xzdrl)h_ u(z;) _ u”2(§)h, €€ (xi,xin) (1)

u'(z;) = 5 5 h, &€ (@i, 2i)(3)
u'(x;) = u(i) _hu(xi_l) (4)

16



Symmetric difference formula:

’LLI(ZCZ) _ U(IH—l)Q_hu(xi—l) o u///(g) ;_2“” (77) h2(5)
§ € (v, mi11), 0 € (xio1, 7)) (6)
u'(z;) ~ i) —ulzia) (7)
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Difference formula for 2nd order derivative:

" w(zio1) +u(@in) — 2u(z;)  uw() +u(n),,
u'(x;) = 73 - o1 h”(8)

€€ (T, xit1), N € (Ti-1, ;)

ooy w@ion) + i) — 2u(z;)
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FDM for 1D problem

—pu"(z) + qu(z) = f(z), € (0,L),

r;=1th,i=0,...,n, h=L/n.

2 .
—%Uz‘—1 + (h—]2)+Q>U¢ - %uﬂ—l = f(xi), i=1,...,n—1,(10)

uy = a, (11)
Up—1 Up+1
_ — 19
on o Y (12)
p 2p p
_ﬁun—l + (ﬁ =+ Q> Up — ﬁun—kl = f(xn) (13)
Here u; =~ u(x;), i =0,...,n+ 1.

Additional gridpoint: x,,1 = L + h.
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