FVM for 1D problem

L
/ (—(pup) + qup — f)lyde =0, i=1,...
0

1 (z) = 1 for z € w;,
YA 0 for o € wy
wo = (:C()):U%)) Wi = (xl_%,CUH_%), 1= 17 y 0 — 17
h
$i+% :$i+§



Basic equations of FVM:

—(pup) (=

MI

1
1) + (puy,) (o +/ “(qup — f 0, (2)

+/‘ (quy — f)dz =0, (3)

—(pup)(@; 1) + (puy )z,

l\‘)lr—\

w =) ujp; ()
j=0
¢, - the same shape functions as in FEM.

A system of equations of F'VM depends on boundary con-
ditions.



Boundary conditions: u(0) = a, /(L) = b.
Solution is searched in the form

n
up, = apy + Z Ujp; (6)
j=1

and the system of equations is

1
t3

) p) + ) ) + [ - e =0, (0



Boundary conditions: u(0) = a, u(L) = b.
Solution is searched in the form
n—1
up = apo + Z ujpj+ bon 9)
j=1
and the system of equations is

i) p)+ g+ [

i—

(qup — f)dz =0, (10)

D=



Boundary conditions: u/(0) = a, v/(L) = b.
Solution is searched in the form

n
up = Z Ujpj (11)
=0

and the system of equations is

~(puw) (@) +pleoja+ [ Hqu - Hdz=0, (12
~u), ) + i), + [ Fqu - Nde =003
1=1,...,n—1,



Auziliary formulas:

/ ula)s ~ (74 — wo)w(zn) = %wm» (16)
/:Eﬁ% w(CU)dl' ~ ($z+% — xz_%)w(xz) — hw(xz), (17)

/m w(z)dr = (v, — z,_1)w(x,) = gw(xn) (18)



Let’s return to the systems of equations.
A. Boundary conditions: u(0) = a, u'(L) = b.
Solution is searched in the form
n
up = apo+ Y uip; (19)
j=1

and the system of equations is

) )+ )y + [ — iz =0,

DO —
~
|
D=

—p(x,)b + (pu’h)(:z:n_%) — /xn (qup, — f)dx = 0.

n=3

Using the formula of u; and formulas for derivatives in
nodes we have






This results in the system

p(x1)-+-p(x3) p(xs) " T3
2 2y — ZU2+Zuj/7qg0jd:U:
j=1 7

h h )
2
73 p(z1)
:/ “(f — agypo)dx + h2 a, (20
'3
p(iﬁz_l) p(xi_l) +p($2'+l) p(iUHl) o L1
T e S— h2“”1+zuj/x it =
J=1 i~
Yird
— [ pdw, =2, -1, (21
aii_%
p<xn—1> p(mn_l) i Tn
— h7un_1+ hzunJrZuj/x qpidr =
J=1 n—%
:/ fdz + p(x,)b (22)
r 1
=3



B. Boundary conditions: u(0) = a, u(L) = b.
Solution is searched in the form
n—1

up = ago+ Y ujp; + by
j=1
and the system of equations is

i) p)+ g+ [

71—

(quh — f)d.fl? — 07

D=

10

(23)



The system for uq, ..., u,_1:

plwy) +plxs)  plws) v3
2 Uy — h2 UQ+Zuj/2qujda::
—1 Jay

h
3 p(x1)
:/ “(f — agpo)dr + —*=a, (24,
- h
p(z;_1) px,_1)+plx 1)  plwg) ol T 1
—T2U¢—1 + 2 3 2wy — n 2 i + Zuj/x 2 qpjdr =
J=1 i—5
ler%
= fdx, i=2,....n—2, (25)
l’l_%
p(xn_l_l) p(xn—l—l) —I—p(CE'n l—i—l) n-l xn—l—!-*
— U + y 2 Up_1 + Zuj /x qpjdx =
J=1 nfl—%
T plx, 1,1)
= / THf - agpn)da + h1+7 b (26)
xn—l—%
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C. Boundary conditions: u/'(0) = a, v'(L) = b.
Solution is searched in the form

n
up — E ’LL]'QOJ'
7=0

and the system of equations is

—(pup)'(=
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The system for ug, ..., uy,:

p(r1)

p(x1) n |
hz Uy — }f U1+ZUj/ * qpdr =

/ fdz — plan)a

p(z;_1) p(ri_y) +plr,y)  plag,

ul 1_|_ u

Up, 1"‘

1
- _ ; 2un—l—ZUJ/ qpidr =

1
)

= / fdx + p(x,)b
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(28)

; ; uz+1+Zuj/ 1 qcpjda::
i~y

(29,

(30,



FDM for 2D problem

—Au+qu=f in (0,L;) x(0,L,) (31)

Grid:

xi=1thy, 1=0,...,n, &, = Ly,
y]:]hyajzoaamaym:Ly

wij A u(Zi, y5)

b-point difference scheme

(o) 2
79 T 75 T4 Uy
2 h?

1 1 1 1 £ )
T oUi-1j T Wil T oW1 T Wi+ = J X YY),
2 ) 2 ) 2 2] 2 2] J
h2 h2 h? h?

i=1,....n—1,j5=1,...,m—1.
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A First kind boundary conditions

Equations corresponding to these conditions:
win = g1(Ti), Wim = G2(xi), 1 =0,...,n, (33
Uupg; = g3(yj)7 Upj = g4(y])7 ] — 07 cee, M.
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B. Mixed type boundary conditions

Equations corresponding to conditions (34):

U0 = 91(33@'), Uim = 92(551'), 1=0,...,n,

ug; = g3(y;), J=10,...,m.

Equations corresponding to condition (35):

Un4+1, — Un—1,5 — th ’Y(y]), ] = 1, oo — 1.

Here w, 15 ~ u(zyi1,¥j), Tnyr = Lo+ h.
Additional main equations at the right boundary:

2 2
h_§+h_z2/+q Upj

1 1 1 1

(34)

(35)

(36)

(37)

(38)

_ﬁun—l,j - h2un+1,j - ﬁuqu - ﬁun,j—i-l — f(xmyj)a
X T Yy Yy

j=1,...,m—1.
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