
Some methods for Cauchy problems for sys-

tems of ODE

u⃗ ′(t) = F⃗ (t, u⃗(t)), t ∈ (0, T ), u⃗(0) = u⃗0. (1)

Here

u⃗ = (u1, . . . , un), F⃗ (t, u⃗) = (F1(t, u⃗), . . . , Fn(t, u⃗)),

u⃗0 = (u01, . . . , u
0
n) ∈ Rn.

Grid: t0 = 0, t1 = τ , t2 = 2τ , . . ., tk = kτ , . . .,

τ > 0 - stepsize

Forward Euler method:

u⃗(tk+1)− u⃗(tk)

τ
= F⃗ (tk, u⃗(tk)) +O(τ ) (2)

u⃗k+1 = u⃗k + τ F⃗ (tk, u⃗
k), (3)

where u⃗k ≈ u⃗(tk).

Backward Euler method:

u⃗(tk+1)− u⃗(tk)

τ
= F⃗ (tk+1, u⃗(tk+1)) +O(τ ) (4)

u⃗k+1 − τ F⃗ (tk+1, u⃗
k+1) = u⃗k (5)
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Method of trapezoidal rule:

u⃗(tk+1)− u⃗(tk)

τ
=

1

2

[
F⃗ (tk, u⃗(tk)) + F⃗ (tk+1, u⃗(tk+1))

]
+O(τ 2) (6)

u⃗k+1 = u⃗k +
τ

2

[
F⃗ (tk, u⃗

k) + τ F⃗ (tk+1, u⃗
k+1)

]
. (7)
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Discretization of heat equation

ut(x, t)− puxx(x, t) = f (x, t), (8)

x ∈ (0, L), t ∈ (0, T ),

u(0, t) = a(t), u(L, t) = b(t), t ∈ (0, T ), (9)

u(x, 0) = φ(x), x ∈ [0, L]. (10)

Consistency conditions: φ(0) = a(0), φ(L) = b(0).

Method of lines:

xi = ih, h = L/n.

ûi(t) ≈ u(xi, t) (11)

ûi
′(t) = p

ûi−1(t) + ûi+1(t)− 2ûi(t)

h2
+ f (xi, t), t ∈ (0, T ),

i = 1, . . . , n− 1,

û0(t) = a(t), ûn(t) = b(t), t ∈ (0, T ),

ûi(0) = φ(xi), i = 0, . . . , n.


(12)

Local truncation error: O(h2).
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Explicit scheme:

uk+1
i =

(
1− 2pτ

h2

)
uki +

pτ

h2

(
uki−1 + uki+1

)
+τf (xi, tk),(13)

i = 1, . . . , n− 1

uk+1
0 = a(tk+1), uk+1

n = b(tk+1), (14)

for k = 0, 1, . . . , l − 1 and

u0i = φ(xi), i = 0, . . . , n. (15)

Here uki ≈ ûi(tk) ≈ u(xi, tk).

Local truncation error: O(h2 + τ ). Conditionally stable.

Stability condition:

2pτ

h2
≤ 1.
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Implicit scheme:

−pτ

h2
uk+1
i−1 +

(
1 +

2pτ

h2

)
uk+1
i − pτ

h2
uk+1
i+1 = uki + τf (xi, tk+1),(16)

i = 1, . . . , n− 1

uk+1
0 = a(tk+1), uk+1

n = b(tk+1), (17)

for k = 0, 1, . . . , l − 1 and

u0i = φ(xi), i = 0, . . . , n. (18)

Local truncation error: O(h2 + τ ). Unconditionally sta-

ble.
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