6 Functions on several variables

To any ordered pair of real numbers (x,y) there is related one point in
xy-plane. To any point in xy-plane there are related the coordinates of this
point, that means the ordered pair of real numbers. It is said that between
ordered pairs of real numbers and the points on zy-plane there is one-to-one
correspondence.

The subset of the points of zy-plane is called the domain (region). We
shall denote the domains by D. For example the domain

D ={(z,y)| 2* +y* < 1}

is the unit disk centered at the origin, which contains the circle surrounding
this disk.

The curve bounding the domain is called the boundary line of this domain
and the points on the boundary line are called boundary points. The points
not laying on the boundary line are called interior points.

The domain containing all of its boundary points (that means the whole
boundary line) is called closed.

The domain containing none of its boundary points is called open (if it
contains some but not all of its boundary points, then it is neither open or
closed).

If the domain contains its boundary line or a part of its boundary line,
we sketch this line (part of the line) by the continuous line. If the domain
does not, contain its boundary line or a part of its boundary line, we sketch
this line (part of the line) by the dashed line.

Figure 6.1. Open and closed disk

Any open disk centered at the given point is called the neighborhood of
this point. If € > 0 is whatever real number, then the e-neighborhood of the
point(zg, yo) is the open disk (without center)

Ue(zo,50) = {(z,9)] 0 < (z —20)* + (y — 90)* < £}



There exists the one-to-one correspondence between the triplets of real
numbers (z,y, z) and the points in space. The subset of the (z,y, z)-space is
called the spatial region.

The spatial region is separated from the rest of the space by a surface,
which is called the boundary surface. The points on the boundary surface
are called the boundary points and the points not laying on the boundary
surface are called interior points.

The region is called closed, if it contains all of its boundary points and
the region is called open, if it contains none of its boundary points.

Thus, the closed region is the region with the surface surrounding the
region and the open region is the region without the surface surrounding the
region.

The e-neighborhood of the spatial point (g, yo, 20) is the open ball

Ua(xovy()»zO) = {(:E7ya 2)| 0< (l’ - 1,0)2 + (y - y0)2 + (Z - 20)2 < 62}

that means the open ball centered at (xo,yo, 20) with radius e. This open
ball does not contain the sphere surrounding the ball and does not contain
the center (xo, yo, 20)-

6.1 Functions of two variables

Let D be some domain in the zy-plane (included the whole plane). A
function of two variables is a function whose inputs are points (z;y) in the
xy-plane and whose outputs real numbers.

Definition 1. If to each point (z;y) € D there is related one certain
value of the variable z, then z is called the function of two variables x and y
and denoted

= f (1‘ ) y)
The function of two variables can be also denoted by z = g(x,y), z = F(z,vy),
z=p(x,y) or z = z(z,y).

The variables x and y are the independent variables and z is the function
or the dependent variable.

Whenever a quantity depend on two others we have a function of two
variables. The area on the rectangle of length x and width y is S = xy. The
number of items n which can be sold is the function of the price p and the
advertising budget a that is n = f(p,a). The force of the suns gravity F
depends on an object mass m and the distance d: F' = F(m,d).

Further we shall consider the functions given implicitly. In those cases to
each point (z;y) € D there can be related two or more values of the variable
z. We talk about the two-valued functions, three-valued functions, etc.



In the graph of the function of two variables z = f(z,y) is the spatial
point with coordinates (x,y, f(z,y)). The set of all those point is the surface
in space. Hence, the graph of the function of two variables z = f(z,y) is the
surface in x,y, z-coordinates.

Example 1. The graph of the function 2 = 1 — x — y is the plane. The
part of this plane, which is in the first octant of spatial coordinates is in
Figure 6.2.

Figure 6.2. The graph of the function 2 =1 —x — y in I octant

Example 2. The graph of the function z = 22 + y? is the paraboloid of
revolution created by the rotation of the parabola z = y? around z-axis.

Figure 6.3. Paraboloid of revolution

The next surface is the graph of the function of two variables given im-



plicitly.

Example 3. The graph of the function 2%+ y? + 2% = r? given implicitly
is the sphere with radius r centered at the origin.

Solving this equation for the variable 2z, we obtain two one-valued func-
tions of two variables z = /1?2 — 2?2 —y? and z = —\/r2 — 2?2 —y?. The
graph of the first function is the upper side and second function the lower
side of the sphere.

Definition 2. The domain of the function of two variables z = f(x,y)
is the set of ordered pairs (z,y) (the points of the plane) for which by the
given rule it is possible to compute the value of the function.

Example 4. Let us find the domain of the function z = In(8 — 22 — y?) +
\/2y — x? and sketch it in the coordinate plane.

The function is defined if there hold two conditions

8—z2—9y*>0
{ 2y — 22 > 0.
72

The first condition yields 2% + 4> < 8 and the second y > 5 The first
condition holds for the points in zy-plane, which belong to the disk centered
at the origin and with radius 2v/2. The is no equality to 8, therefore the
circle surrounding the disk does no belong to the set and we sketch the circle
with dashed line.

The second condition holds for the points in xy-plane, which are above
2

x
the parabola y = —. This condition contains the equality, consequently the

parabola belongs to the set and we sketch it with continuous line.
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Figure 6.4. The domain of the function 2z = In(8 — 2% — 4?) + /2y — 22



6.2 Plane sections and level curves of graph of function
of two variables

To get an idea how does the graph of the function of two variables looks
like it is useful to sketch plane sections of this surface by the planes which
are perpendicular to one of the coordinate axis (i.e. parallel to one of the
coordinate planes). The equation of the yz-plane is = 0, the equation of
the xz-plane is y = 0 and the equation of the zy-plane is z = 0.

The plane x = a is perpendicular to z-axes, i.e. parallel to yz-plane; the
plane y = b is perpendicular to y-axes i.e. parallel to zz-plane; the plane
z = c¢ is perpendicular to z-axes i.e. parallel to xy-plane.

RS

Figure 6.5. The planes x =a, y =band z = ¢

The intersections of the surface z = f(z,y) with the planes = a are the
curves
2= f(z,y)
xr =a,
The intersections of the surface z = f(z;y) with the planes y = b are the
curves
2= [f(z,y)
y=>
The intersections of the surface z = f(z;y) with the planes z = ¢ are the
2= [f(z,y)
z=c,

The projection of the resulting curve onto the xy-plane is called the level
curve. A collection of level curves of a surface is called a contour map.



Example 1. Let us sketch the surface x? + y?> — 22 = 0, using the
intersections with the planes z = 0, z = +1, z = £2 and x = 0. First five
are the horizontal curves and the sixth is the intersection with the yz-plane.

The intersection of this surface with xy-plane z = 0 is actually one point
determined by the equations x? + y? = 0, z = 0, which is the origin.

The intersection of this surface with the horizontal plane z = 1 is the
circle 22 + y?> = 1, z = 1, the unit circle on the plane z = 1 centered at
(0;0;1).

The intersection of this surface with the horizontal plane z = —1 is the
unit circle z? + y? = 1 again but centered at (0;0; —1).

The intersection of this surface with the horizontal plane z = 2 is the
circle 2% + y? = 4 centered at (0;0;2) with radius 2.

The intersection of this surface with the horizontal plane z = —2 is the
circle 22 +y* = 4 centered at (0;0; —2) with radius 2. We sketch these circles
in the spatial coordinates (Figure 6.6).
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Figure 6.6. The level curves of surface 22 + 3% — 22 = 0

The intersection of this surface with the vertical plane x = 0 is determined
by 22 = y?, x = 0, that is two perpendicular lines z = y and z = —y on
yz-plane. Adding these two lines to our sketch it turns obvious that the given
surface is the cone, whose vertex is at the origin.

If we convert the function x? 4 4% — 22 = 0 to the explicit form we obtain

two one-valued functions z = /22 +y? and z = —y/2? + y?. The graph of



Figure 6.7. The cone

the first function is the upper part of the cone and the graph of the second
function is the lower part of the cone.

Example 2. Let us sketch the surface z = 2% — 2, using the intersections
with the planes y =0, z = +1, x = 40,5, x =0, 2 = 0 and z = —0, 44.

In this example we draw the coordinate axes in an unusual way, taking
the sheet of paper the xz-plane and directing y-axes backwards.

The intersection with the plane y = 0 is the parabola z = 22, y = 0.

The intersections with the planes x = &1 are the parabolas z = 1 — 3?2,
r=1land z=1—192 o= —1.

The intersections with the planes x = 40, 5 are the parabolas z = 0,25 —
y?, x=0,5andz = 0,25 — %, x = —0, 5.

The intersections with the plane z = 0 are two perpendicular lines y = x
and y = —x on the xy-plane.

The intersection with the plane z = —0, 44 is the equilateral hyperbola
y? — 2% = 0,44, whose real axis is the y-axis.

The level surfaces of the graph of function of three variables w = f(z,y, z)

are the surfaces
w= f(r,y,z)
w = cC.

This system of equations yields the equation f(z,y,2) = ¢, the function
of two variables given implicitly, whose graph is a surface in the space.



Figure 6.8. Hyperbolic paraboloid or saddle surface

Example 3. The level surfaces of the function w = 2 + y? + 22 are

22 +y? + 2% = ¢ provided ¢ > 0. Those surfaces are the spheres centered at
the origin with radius /c.

6.3 Increment of function of several variables

Let us fix one point P(z,y) in the domain of the function z = f(x,y).
Changing the variable x by Az and y by Ay, we obtain a point Q(z+ Az, y+
Ay). Assuming that the increments of the independent variables Az and Ay
are sufficiently small, that is @) is also in the domain of the function, we
define the total increment of the function

Az = f(z + Az, y+ Ay) — f(z,y) (6.1)

Assuming that y is a constant or Ay = 0, we have the increment of the
function

Ayz = f(z + Az,y) — f(x,y) (6.2)

Assuming that z is a constant or Az = 0, we have the increment of the
function

Ayz = f(z,y+ Ay) — f(z,y) (6.3)

One might guess that Az = A,z + A,z but as the following example
proves, this is not true.

Example 1. For the function z = zy let us find Az and A,z + Az if
r=2,y=3,Ar=0,2and Ay =0, 1.



First A,z = (x + Az)y — 2y = yAx =3-0,2 = 0,6,

second Ayz = x(y+Ay) —zy = Ay =2-0,1 =0,2. Thus, Ayz+Ayz =
0, 8.

The total increment of the function Az = (z + Az)(y + Ay) — zy =
xAy +yAxr + AzAy=2-0,1+3-0,240,2-0,1=0,82.

The total increment of the function of three variables w = f(z,y, 2) is
defined as

Aw = f(x + Az, y+ Ay, z + Az) — f(z,y, 2)

If y and z are constants, we define
Ayw = f(z+ Ax,y,z) — f(z,y,2)
if x and z are constants, we define

Ayw = f(z,y + Ay, 2) — f(z,y,2)

and if x and y are constants, we define

Acw = f(z,y, 2+ Az) = f(x,y,2)

6.4 Limit and continuity of functions of two variables

Suppose Py(zg,yo) is a fixed point in the domain of the function z =
f(xz,y) and P(x,y) is a moving point that approaches Fy. We shall write
(x,y) = (zo,Y0) Or T — Xg, Y — Yo.

To find the limit of a function of one variable, we only needed to test the
approach from the left and the approach from the right. If both approaches
gave the same result, the function had a limit. To find the limit of a function
of two variables however, we must show that the limit is the same no matter
from which direction we approach (xg, yo)

The moving point P can approach the fixed point F, along whatever path:
along the straight line, broken line, the arc of parabola etc. Independently
of the path, the moving point P reaches to any neighborhood of Us(zo, yo)
for arbitrary small 6 > 0.

Definition 1. The real number L is called the limit of the function f(z,y)
in limiting process (z,y) — (2o, yo), if V € > 0 there exists the neighborhood
Us(xo,yo) such that |f(z,y) — L| < ¢ whenever (z,y) € Us(zo, yo)

In other words, L is the limit of the function f(x,y) as (x,y) — (zo, %),
if the value of the function f(z,y) can be made as close as desired to L by
taking P(z,y) in the neighborhood of Py(xo, 7o) small enough.

This is denoted

lim  f(z,y)=1L

(@,y)=(z0,y0)



Example 1. Find the limit  lim %
(z,9)—=(0,0) 27 + Y

Let (z,y) — (0;0) along the line y = kx. Then

vy  x-kx k-a? k
12 +y? 2?4+ ka2

T 2214k 1+ k2

This shows that the result depends on the choice of the slope of the line k.
Therefore, the limit does not exist.

Often it is useful to convert the limit into polar coordinates, taking z =
pcosg and y = psinp. Then z? + y? = p? and the limiting process (z,y) —
(0;0) is equivalent to p — 0. In Example 1 we could write
) xy ) p COS Ypsin . p*cospsing
lim ——=1 —— = lim —————
()00 22 +y2 =0 p2cos? p 4 p?sin® @ p—0 p?

= cospsiny

The result depends on the polar angle and this proves again that the limit
does not exist.

N

Example 2. Find the limit  lim w
(zy)—(0;0) T+ Y

Converting this limit into polar coordinates, we have

lim M = lim sin(p2 cos” L p2 sin® ?) = lim sin p2 =1

(@y)—(00) 2?2+ y? p—0  p2cos? p + p2sin? o p=0  p?

Definition 2. The function f(z,y) is called continuous at the point
PO('T()ayO)a if

L. 3f(xo, y0)
2. 3 lim  f(z,y)

(@,y)=(20,0)

3. lim  f(z,y) = f(xo0, %)

(z,y)—(x0,y0)

Definition 3. The function is called continuous in the domain D, if it is
continuous at every point of this domain.

Let us denote the fixed point in Definition 2 by (z,y) and the moving
point by (x + Az,y + Ay). Then (x + Az,y + Ay) — (x,y) if and only if
(Az, Ay) — (0;0). The third condition of continuity can be re-written

lim  f(z+ Az,y+ Ay) = f(x,y)

(Az,Ay)—(0;0)
or

(Ax,Ag)IL(O;O)[f (z 4+ Az,y + Ay) — f(z,y)] (6.4)
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In square brackets of the last condition there is the total increment Az
of the function z = f(x,y) and the condition of the continuity (6.4) at the
point (x,y) is

lim Az=0 (6.5)
(Az,Ay)—(0;0)

The equality (6.5) is called the necessary and sufficient condition of
continuity.

6.5 Partial derivatives

Fix in the domain of the function of two variables z = f(z,y) one point
P(z,y). Holding y constant and increasing the variable x by Az we have the
increment of the function f(x,y)

sz:f(x%—Ax,y)—f(x,y)

Definition 1. If there exists the limit

0z _ o Awz [+ Axy) — f(xy)
Or  Ar—0 Az Azs0 Az

(6.6)

then this limit is called the partial derivative of the function f(z,y) with
respect to the variable x at the point (x,y).
of

The partial derivative with respect to x is denoted also 2., fi(z,vy), e

Holding x constant and increasing the variable y by Ay we have the
increment of the function f(z,y) as Ayz = f(z,y + Ay) — f(z,y).
Definition 2. If there exists the limit
82 Ayz f(x,y—l—Ay)—f(x,y)

92 _ i 2% g
dy Ay30 Ay Ay0 Ay

(6.7)

then this limit is called f(z,y) the partial derivative of the function f(x,y)
with respect to the variable y at the point (z,y).
The possible alternate notations for partial derivatives with respect to y

are z,, f,(7,y), g—ch

If we find the partial derivative with respect to the variable x the variable
y is treated as constant. The only variable in Definition 1 is Ax. As well,
finding the partial derivative with respect to the variable y the variable x is
treated as constant. The only variable in Definition 2 is Ay. We need to
pay very close attention to which variable we are differentiating with respect
to. This is important because we are going to treat the other variable as

11



constant and then proceed with the derivative as if it was a function of a

single variable. Consequently, all the rules of differentiation of functions of
one variable hold if we find the partial derivatives.

Example 1. Find the partial derivatives with respect to both variables
for the function z = 2%y — 2%y

Finding the partial derivative with respect to z, y is treated as constant.
Thus, by the difference rule an constant rule we obtain

oz 0 9 9 B
i a—x(xgy)—a—x(ﬁf) = ya—x(x?’)—ﬁ%(ﬁ) = y-32°—y*- 20 = 3a’y—2xy°.

Finding the partial derivative with respect to y, x is treated as constant.
By the rules of differentiation

0z 0,4, . 0

) )
g _ Z _ Y290y 39 2
9 ay(xy) ay(ﬂf:y) xay(y)

2 3_ .2 3 2
—x =3’ —a°-2y=2"—2x
ay V) y y

The chain rule is also still valid.
Example 2. Find the partial derivatives with respect to both variables
for the function z = arctan L

Y
The partial derivative with respect to x is

9z 1 9z(= v .lﬁ(x)_ Y

or (x>2 ox N
1+ (=

Yy

Y - y?+ 22 yox
The partial derivative with respect to y is

0z 1 0z (a:) y? 0 <1>
R e - . — = — . — —
Oy (a:)2 oy \y) y*+a* Oy \y
I+ 1=
Yy
B 1> Y\ x
24 Y2 Y2 o2 Y2
The partial derivatives of the function of three variables w = f(z,v, 2)

with respect to variables z, y and z are defined as the limits

Or  Az—0 Ax  Az—0 Az
a_w — lim Ayuj — lim f(x,y—l—Ay,Z)—f(:E,y,Z)
8@/ Ay—0 Ay Ay—0 Ay

12



and
ow . Azw . f(I,y,Z+AZ)—f(ZL‘7’y,Z)
— = lim = lim
0z Az—0 Az Az—0 Az
If we find the partial derivative with respect to one independent variable,
the other independent variables are treated as constants.
Example 3. Find the partial derivatives with respect to all three inde-
pendent variables for the function w = z¥".
Finding the partial derivative with respect to x, we have the power func-

tion with constant exponent y*, therefore,

ox

To find the partial derivative with respect to y we use the chain rule.
The outside function is the exponential function with constant base x and
the variable exponent y*, which is the power function with respect to y. By
the chain rule

ow

9y

To find the partial derivative with respect to z we use the chain rule

again. The outside function is the exponential function with constant base

x. The inside function is another exponential function y* with the constant
base y. Thus

z _
=2¥ Inx - 2yt

8_w
0z

=2 Inz -y Iny.

6.6 Total increment and total differential

Assume that the function f(z,y) is continuous and has the continuous

2 z

partial derivatives — and 5 at the point P(z,y) and in some neighborhood
T Y

of this point.

Adding and subtracting the same term f(z, y+Ay) we represent the total
increment of the function

Az = f(x+ Az, y + Ay) — f(x,y + Ay) + f(z,y + Ay) — f(z,y)

In the first two terms y is constant and equal to y + Ay. In third and fourth
term x is constant.

At the point P and in the neighborhood of this point there hold the
assumptions of Lagrange’s theorem Consequently there exists T € (z, x+Ax)
such that

of (@, y + Ay)

pe Azx.

flx+Av,y+ Ay) — f(o,y + Ay) =

13



Next, by Lagrange’s theorem there exists § € (y,y + Ay) such that

0f(z,y)
dy A

Because of the continuity of partial derivatives

0f(T,y+Ay) _ 0f(z,y)

flx,y+Ay) — f(z,y) =

lim

Azr =0 Ox ox
Ay —0
and 5 _ P
i @Y 9f(y)
Az —0 9 Ay
Ay — 0

The theorem about the infinitesimals yields

of(@,y+Ay)  Of(z,y)
oz Oz ta

e 0(.3) _ 0120
ry) LY
oy Oy +5
where a and /3 are the infinitesimals as (Az, Ay) — (0;0) .

Now the total increment of the function converts to

Az = (8f(x,y) + a) Az + (8f(x,y) + 5) A
ox oy
af

_of
= —Ax + a—Ay + aAz + fAy. (6.8)

In subsection 6.4 we have used the notation Ap = /Ax? + Ay?. The

conditions

or

Az

Ax
— <1
Ap| —
and A
29
Ap| —
A A
mean that these are the bounded quantities. Thus, ozA—x and BA—y are
p P

infinitesimals as the products of the infinitesimals and a bounded quantities.
The limit

A A A A
lim CATEORY i o2 4 m p2Y
Ap—0 Ap Ap—0 Ap Ap—0 Ap

14



means that oAz + SAy is an infinitesimal of the higher order with respect
to Ap, i.e. Az and Ay.

Definition. If in (6.8) the first sum is linear with respect to Az and Ay
and the second sum is an infinitesimal with respect to the same variables,
then the linear part is called the total differential of the function z = f(z,y)
and denoted by dz. According to the definition

0z 0z
dz = —A —A
2 o7 T+ P Y
For the function z = x the partial derivatives % =1, % = 0 and
ox dy
dz = dr = Ax.
. : .. 0z 0z
For the function z = y the partial derivatives Er 0, e 1 and
T Y
dz = dy = Ay.

Consequently for the independent variables x and y the notions of dif-
ferential and increment coincide and the total differential can be re-written
as

dz = —dz + —dy. (6.9)

Example 1. Find the total differential for the function z = arctan L
Using the partial derivatives found in Example 6.5, we obtain

Y x _ ydx — xdy

dz = dx — =
x2_|_y2 $2+y2 Y $2+y2

Example 2. Evaluate the total increment and the total differential for
the function z = /2?2 + 4%, if x =3,y =4, Ax = 0,2 and Ay =0, 1.
By the formula of the total increment of the function (6.1) we get

Az =/3,22 +4,12 — V32 + 44 = /27,05 — V25 = 0, 20096

To evaluate the total differential we find

0z 1 x
or 92 /x2_|_y2 /x2+y2
and
0z Y
dy 22 + 12
Then
4 4
P L0604



We see that the difference between the total increment and the total
differential is less than 0,001, which is less by two orders of values with
respect to Az and Ay.

The last fact gives us the possibility to compute the approximate val-
ues of functions of two variables using the total differential. If Az and Ay
are sufficiently small, then Az and dz differ by the quantity, which is the
infinitesimal of a higher order with respect to Az and Ay. We can write

Az~ dz
or 5 5
z 2z
A Ay) — ~ — =
fla+Az,y + Ay) = flz,y) ~ 5-dv + aydy
This gives us the formula of approximate computation
0 0
flx+Ax,y+ Ay) = f(z,y) + @—iAx + a—gAy (6.10)

Example 3. Using the total differential, compute 2,032 - 0, 962.
Here we choose the function f(z,y) = 23y? and the values z = 2, y = 1,
Ax = 0,03 and Ay = —0,04. The partial derivatives are

of
ox

and

The value of the function at the point chosen f(2,1) = 81 = 8 and the
values of partial derivatives are 9 3:-4-1=12 and i 2-8-1=16.

T )
By the formula (6.13)
(240,03)%-(1—0,04)2 =8+ 12-0,03 — 16-0,04 = 7,72

Suppose that the function of three variables w = f(x,y, z) and the partial
ow Ow ow

derivatives —, — and —— are continuous at the point P(z,y, z) and in

oz’ Oy 0z
some neighborhood of this point. Analogously to the formula (6.8) it is
possible to prove that the total increment of the function can be expressed

as
0 0 0
Aw = —wa+ —wAy+ —wAz+an+6Ay+7Az, (6.11)
ox oy 0z
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where aAx + Ay + yAz is an infinitesimal of a higher order with respect
to Ap = /Az? + Ay? + Az2. The expression

ow ow ow
= %dx + 8_ydy + gdz (6.12)

dw

is called the total differential of the function w = f(z,y,2). Again, for the
independent variables x, y and z the notions of the increment and differential
coincide, i.e. dr = Az, dy = Ay and dz = Az.

Example 4. Find the total differential for the function w = z¥".

Using the partial derivatives found in Example 6.5, we obtain

do = ya¥ e+ a2¥ Inz- 2y dy +2¥ Ina -y Iny =

- (d In zd
= yaY (_x_|_ ey y—{—lnxlny)
Z Y

As well as for the function of two variables there holds the formula of
approximate computation

af af of

flx+Ax,y+ Ay, z+ Az) = f(x,y,2) + G_xAx + a—yAy + gAz (6.13)
6.7 Partial derivatives of implicit function
Consider the function
F(z,y)=0 (6.14)

given implicitly. This equation determines the variable y as the function of
x (in general case not one-valued). The graph of this function is ta curve in
the plane (Figure 6.9). Suppose that the function F'(x,y) is continuous and
it has the continuous partial derivatives at the point P(z,y) and in some
neighborhood of this point. In addition suppose that at P(z,y) the partial

d
derivative F,(r,y) # 0. Let us deduce the formula to find the derivative d_y’
T

using the partial derivatives of the function F(z,y).

Let us fix the point P(z,y) on the graph of given function. The coor-
dinates of this point satisfy the equation (6.14). Change = by Az and find
on the graph the value of y + Ay related to z + Az. As Q(z + Az, y + Ay)
is a point on the graph again, the coordinates of this point also satisfy the
equation

F(z + Ax,y + Ay) = 0. (6.15)

Subtracting from the equation (6.15) the equation (6.14), we obtain

Fz+ Az,y+ Ay) — F(z,y) =0

17
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Figure 6.9. The graph of the function F(z,y) =0

The left side of the last equality is the total increment of the function F(x,y)
and the equality can be re-written

AF =0

Because of the assumptions made in the beginning of this subsection this
equality converts by (6.8) to

a—FAa: + a—FAy +alAx + Ay =0
ox y
which yields
or oF
(8—y+5) Ay = — (%—Fa) Ax
or
oF
Ay I + «
Az~ OF
Ax 9 L5
dy

Find the limits of both sides of this equality as Az — 0. The limit of the

left side is by the definition of the derivative %Y The function is continuous,
x
consequently if Ax — 0 then Ay — 0. Knowing that a and [ are the
infinitesimals as (Az, Ay) — (0;0), that is lim a =0 and lim 5 = 0, the
Azx—0 Az—0
limit of the right side of the equality is
or
_ Oz
or
dy

18



Thus, to find the derivative of the function given implicitly we have the
formula P o
Yy x

- =-= 6.16

dz F; ( )

d
Example 1. Find d_y for 2t + y* — a?2%y? = 0.

x
Here F(z,y) = z* + y' — a®2%y*, so F, = 42® — 2a°zy® and F) = 4y° —
2az%y. By the formula (6.16)

dy 4o’ =2d’xy®  x(20° — d’y?)

de 4P — 20202y y(2? — aa?)’

The equation F(x,y,z) = 0 relates to pairs of (z,y) some value(s) of
the variable z. In other words, this equation defines z as a function of
x and y. Assume that the function F'(z,y,z) is continuous and has the

oF oF
continuous partial derivatives —, — and —— at the point P(z,y, 2) and
oxr’ Oy 0z

in some neighborhood of this point. Moreover assume that F!(x,y, z) # 0 at
P(z,y,2).

If we find the partial derivative of the function z with respect to x the
variable y is treated as constant. In this case in the equation F(z,y,z) =0
there are only two variables z and z and by (6.16) we obtain

0z F!
If we repeat this reasoning for y we have
0z F)

Example 2. Find the partial derivatives 8_Z and 8_Z for the function of
z Y

two variables 22 + y% + 22 = r? given implicitly.
As F, = 2x, I} = 2y and F, = 2z we obtain by the formula (6.17) the

partial derivative
0z x

or 2
and by the formula (6.18) the partial derivative

0z Yy

y =z

19



6.8 Partial derivatives of composite functions

Suppose that the variable z is a function of two variables « and v, denote
z = f(u,v), and u and v are the functions of two independent variables x
and y, denote u = ¢(x,y) and v = ¥ (z,y). Then z is a composite function
with respect to x and vy, i.e.

2= fle(e,y),¥(2,y)) = F(z,y)

Let us fix a point P(x,y) in the common domain of the functions u =
o(x,y) and v = ¥(x,y). Then the related point (u,v) in the (u,v)-plane
is also fixed. Suppose that the functions v and v are continuous and have

ou Ou Ov ov
-z = = - h int P
2 9y’ and " at the point P(z,y)

and in some neighborhood of this point. Also assume that the function z

the continuous partial derivatives

z 0z
is continuous and has the continuous partial derivatives Em and 0 at the
U v

related point (u,v) and in some neighborhood of this point.
Holding the argument y constant, change the argument x by Az. The
increments of the functions u and v with respect to x A,u and A, v are
simultaneously the increments of the arguments the function z = f(u,v). By
the formula (6.8) the increment of the function z can be written as
0 0
Az = —ZAxu + —ZAxv + aAyu+ A
du v
where o and § are the infinitesimals as (A,u, A v) — (0;0). Dividing both
sides of the last equality by Ax, we obtain
Az  0zAu  0zAv Au ALv

Ar udr Tovas TYAr TP Ar

Find the limits of both sides as Az — 0. The limit of the left side of (6.19) is
the partial derivative of z with respect to x because we have got the increment
of z as the result of change of x while y is constant.

ov

We have assumed the existence — and —. The differentiability of func-

(6.19)

x x
tions u and v with respect to x yields the continuity of those functions by x.
Therefore,

lim A,u=0
Axz—0
and
lim A,v=0
Az—0
Consequently

lim a= lim =0
Az—0 Az—0

20



Using the definitions of partial derivatives of the functions u and v with
respect to x, the limit of the right side of (6.19) is

%@4_%@_’_0 @4_ av
Oudx Ovozx ox ox

We conclude that the partial derivative of the composite function z = F(x,y)
with respect to x is

0z  0z0u  0z0v

0r  udr | dvor

Holding the argument z constant and changing y by Ay, we obtain after

the similar reasoning the partial derivative of the composite function z with
respect to the variable y

(6.20)

0z 0z0u 0z0v

sy 21

Jdy  Oudy + ov Oy (6:21)
0z

Example 1. Find o and a—z for z = In(u?+v), u = ¥ and v = x2+vy.
T

According to the formulas (6.20) and (6.21) we have to find six partial
derivatives

dz  2u oz 1
ou  w+v v ul+4v’
ou 2 Ou
7ty R ] T+y
or  * oy ve s
ov ov
9 e
ar D Ay ’
By (6.20) we have
0z 2u L. 1 2 :
- = T Qv = T+y
ox u2—i—v€ +u2+vx u2+v(ue )
and by (6.21)
8,2 2u 2 1 1 2
== ety = duye™" +1
dy ul+wv ve +u?—l—v u2+v(uye +1)

Remark. If z is a function of three variables z = f(u,v,w) and in
addition to the u and v there is w = x(z,y), then the partial derivatives of
the composite function z with respect to the variables x and y can be found

by the formulas
0z 0z0u 0z0v 0z O0w

52 9uor  50ds T Dwox (6-22)
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and
0z 0z0u 0z0v Oz Ow

9y~ 9ady 000y T w oy (6.23)

Next, let z be a function of three variables =, v and v z = f(x,u,v),
where u = ¢(z) and v = 9 (z). In this case z is a composite function of one
variable x

z = f(z,¢(z),¥(z))

d
The derivative of that function d—z we obtain using (6.22). As the derivative
x
Z—x =1 and u and v are the functions of one variable, then
x
dz 0z Ozdu Ozdv
= — .
dr O0r Oudx Ovdx
The derivative in (6.24) is called the total derivative.

(6.24)

d
Example 2. Find d—Z for z =2 + /y and y = 2% + 1.
x
Here z is the function of two variables x and y, where y is the function
of the variable z. In this case the formula (6.24) gives

@—%%-%@—Qx—i—L 2r=1x 2—|—L =z 2+;
dr  Oxr  Oydr 2\/y B Noya 2 +1)

Let us find the total differential of the composite function z = f(u,v),
u=¢(z,y) and v = Y (x,y) considered in the beginning of this subsection

dz = —dx + —dy (6.25)

Substituting by (6.20) and (6.21) the partial derivatives, we obtain

o (0200 0200\ (0s0u 0z00)
““\ouor Tovar ) oudy  Ovdy 4

or after conversion

0z [ Ou ou 0z [ Ov ov
dz = — | —d —d — | —d —d
‘ au((% x+8y y>+60(x$+ y)

In the parenthesis there are the total differentials



and

ov ov
dv = —d —d
R + Jy 4
Hence,
0z 0z

Comparing the expressions of total differentials (6.25) and (6.26), we notice
that the total differential has the same form. It is not important whether u
and v are independent variables or functions of other variables x and y. This
is called the tnvariance property of a total differential.

6.9 Higher order partial derivatives

As we have seen in many examples, the partial derivatives of the function
fa.y) 0z d 0z

z = f(x,y) — and —

rr dy

it is possible to differentiate both of them with respect to x and y.
Definition 1. The partial derivative with respect to = of the partial

are in general functions of two variables again. Thus,

0z
derivative 9 is called the second order partial derivative with respect to x
x
2

and denoted to be read de-squared-zed de-ex-squared), that means

o _ 0 (0
or2  Ox \ Ox

Definition 2. The partial derivative with respect to y of the partial

zZ
522

z
derivative 97 is called the second order partial derivative with respect to x
x
2

(to be read de-squared-zed de-ex-de-y). By this

o _ 0 (0
0xdy Oy \ Oz

Definition 3. The partial derivative with respect to z of the partial

and y and denoted 920y

definition

0z
derivative EW is called the second order partial derivative with respect to y
Y
2

z .

and x and denoted m, that is
o _ 0 (0
Oydx Oz \ Oy

23




Definition 4. The partial derivative with respect to y of the partial

0z
derivative — is called the second order partial derivative with respect to y

dy
o0 (o
oy2 Oy \ dy

The second and third second order partial derivatives are often called
mized partial derivatives since we are taking derivatives with respect to more
than one variable.

The second order partial derivatives are denoted also z;,, 27, , 2, and 2,
or f2,(x.). f2,(x.). fiu(x.y) and £, ().

The second order partial derivatives are the functions of two variables
x and y again. Hence, all four second order partial derivatives can be dif-
ferentiated with respect to x and y. So we define eight third order partial

derivatives
i 0 (B 0 _o (o
ox3  Ox \0x2 )’ 0220y Oy \ Ox2
Pz 0 [ Pz 0 [P
0xdydx  Ox \O0xOy ) 0xdy? Oy \ 0x0y
Pz 9 0%z >’z K 02z
Oydx?  Ox \Oydx )’ 0Oydxdy 9y \ Oyox
o0 (#\ 0:_o (o
0y20x Oz \0y2)’ Oy> 0Oy \0y?

x
Example 1. Find all second order partial derivatives for z = arctan —.

2

z
and denoted —, i.e
oy?

In Example 2 of subsection 6.5 we have found

dz gy 0z x
or 2%+ 2 dy a2 +y?

P 0y N_ O( 1 N_ [ 2 _ 2wy
022 ~ o\ +¢2) Yo \w+2) I\ @) T @)

9z 0 y P4ty 2y 2t —yp

Ordy Oy \x2+y%>) (224922 (22 +y?)?
Pz 0 x Pyt —a-20 2t -y
oydr Oz w2 4y2) (22 +92)2 (22 +y?)?
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Pz 0 @ N_ O L N_ (2 \_ 2y
8y2_8y x2+y2 - 8y x2+y2 - ($2+y2)2 _(x2+y2)2

These results suggest a question, are the mixed second order partial
derivatives
0?2 0%z
0xdy al Oyox
equal. The next theorem says that if the function is smooth enough this will
always be the case.

0z 0
Theorem. If the function z = f(z,y) and its partial derivatives a—z, a—z,
T oy
0%z 0z . . .
and are continuous at the point P and on some neighborhood
0xdy 0yox
of this point, then at the point P
Pz 0%z
oxdy  Oydx

This theorem says that if the partial derivatives to be evaluated are con-
tinuous, then the result of repeated differentiation is independent of the order
in which it is performed.

Therefore, if the partial derivatives involved are continuous, the also holds

o'z 02 0%
0xOydxdy  0x20y?  Oy20x2

Analogous theorem is valid also for the functions of three etc. variables.
Pw PBw
and
0x0y0z 02020y

Example 2. Find the third order partial derivatives

for the function of three variables w = e” sin(yz).
First we find

ow . .
7 = © sin(yz)
second
O*w N N
920y = ¢e” cos(yz) - z = z€e” cos(yz)
and third
o . , |
REIE = ¢e” cos(yz) + z(—e"sin(yz)) - y = e®[cos(yz) — yzsin(yz)]

To find the second third order partial derivative, we find

= e con(y?)
5, — ye cos(yz

25



next

Pw * cos(y2)
9200 0 PVYE
and finally
OCw__ e” cos(yz) — ye” sin(yz) - z = €*[cos(yz) — yz sin(yz)]

6.10 Tangent line of space curve

In this subsection we want to look at an application of derivatives for
vector functions. In Mathematical analysis I we've used the fact that the
derivative of a function is the slope of the tangent line. For vector functions
we get the similar result.

Consider the space curve given by parametric equations

x = z(t)
y=y(t) (6.27)
z = z(t)

or using the vector notation

If we fix a value of the parameter ¢ we get the fixed point on the space
curve P(x(t);y(t); z(t)). Assume that the functions of the parameter ¢ (6.27)
are differentiable at P.

Changing the fixed value t by At, we get the value t + At and to this
value there corresponds another point Q(x(t + At), y(t + At), z(t + At)) on
space curve

The vector 1@ = O@ — Oﬁ is the direction vector of the secant line PQ)
and the coordinates of this vector are PQ) = (Ax, Ay, Az), where

Az = z(t + At) — x(t)
Ay = y(t + At) —y(t)
Az = z(t+ At) — 2(t)

1
Multiplying this vector by scalar AL we obtain the vector

1 Ax Ay Az
270 ( )

At7 At At

26



v

Figure 6.10.

which has the same direction as F@
Since the functions (6.27) are differentiable at ¢ then the limits of the

1
coordinates of vector —P_C>2 as At — 0 are the derivatives of coordinate

functions by parameter at the point P

lim & =z
At—0 At
. Ay
A Ry =
and
. Az
ASo AL C

Denoting by r = (&, 9, 2), we obtain

lim PO — i

At—0 At
The differentiability at P yields the continuity at this point. Thus,

Aliglox@ + At) = z(t)

dim y(t 4+ At) = y(1)
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and

Alil_l)lo 2(t + At) = 2(t)

i.e. the point ) approaches along the curve to the point P and the direction
vector P() approaches to the direction vector of the tangent line drawn to
the curve at P. Since Ait@ has always the same direction as ]@ despite
of how close the point () is to the point P then

lim é]@

At—0

is the direction vector of the tangent line at P, that means the direction
vector of the tangent line at P is

r=(%,7, %)

Since at P the value of the parameter ¢ has been fixed, then z(t), y(t) are
z(t) are the coordinates of the fixed point and the canonical equations of the
tangent line at P are

r—at) y—yl) z—=z()

= = 6.28

Example. Find the canonical equations of the screw line x = acost,

T

y = asint, z = bt at the point where t = —.
First we find the coordinates of the corresponding point on the screw line
T a T a3 T br
x(—)z— (—): andz(—):—.

3) = 2Y\3 5 O 3) "3 o
Next we find the derivatives by parameter & = —asint, y = acost and

%2 = b. Hence, at the given point the direction vector of the tangent line is

f_<_ T zb)_ _av3da
= as 3,@0053, = 5 1y

and by (6.28) the canonical equations of the tangent line are

aV/3 _br
2 <73

)

r—35 Y-
a3

2

MJIS]

or

2x—a_2y—a\/§_32—b7r
—av/3  a  3b
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The parametrical equations of this tangent line are

6.11 Tangent plane and normal line of surface

The graph of the function of two variables is a surface in space. Consider
the function of two variable given implicitly

F(z,y,z) =0

This is an equation of some surface. Let us fix one point P(x,y,2) on this
surface.

Definition 1. The point of the surface P is called the reqular point if

oF OF OF
there exist all three partial derivatives —, — and — and at least one of

oz’ Oy 0z
them does not equal to zero. The point of the surface is called singular if all
three partial derivatives equal to zero or at least one of them does not exist.

We can draw infinitely many curves on the surface that pass the point P.

Definition 2. The tangent line of whatever curve on the surface passing
the point P is called the tangent line of the surface at the point P.

Theorem. If P is a regular point of the surface, then all tangent lines of
the surface at P lie on the same plane.

Proof. Choose whatever curve on the surface passing P. Suppose the
parametrical equations of this curve are = z(t), y = y(t) and z = z(t).
Since the curve is on the surface, then any point of the curve is on the
surface and substituting the equations of the curve into the equation of the
surface gives the identity

Fa(t),y(t), (1) =0

We differentiate both sides of this identity by the parameter using the chain

rule
8Fdx+8de+8Fdz_
Ox dt ~ Oy dt Oz dt
or
oF . O0F . OF .

et T oyt 970
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The left side of this equation is the scalar product of two vectors

7o (2 OF OF
ox’ dy’ 0z

and
r=(&,y,%)
As we know from the previous subsection, the vector r is the direction vector
of the curve at P. Since
or=0

and we chose the random curve on the surface going through P then the
tangent line of the whatever curve on the surface at P is perpendicular to
the same vector 77. Hence all the tangent lines of the surface at P are
perpendicular to the same vector, that means they lie on the same plane.

Definition 3. The plain containing all tangent lines of the surface passing
P is called the tangent plane of the surface at P. The vector

— (aF oF 8F>

~\ 0z’ 9y’ 0z
is called the normal vector of the surface.

Denote the fixed point on the surface by Py(xo, %o, 20). Assuming that
Py is a regular point, we can compute the normal vector 7 at this point. If
P(z,y,z) is a random point on the tangent plane then - Fﬁ = 0. The

coordinates of the vector Poﬁ are Poﬁ = (x — xo,y — Yo, 2 — 20) and the
equation of the tangent plane

g—i(x—xo)‘Fg—j(?J—%)"‘g—f(»’?—Zo) =0 (6.29)
Example 1. Find the equation of the tangent plane of the sphere 22 +
y? + 22 = 3 at the point Py(1;1;1).
It is easy to check that the given point is on the sphere. The equation
of the sphere 22 + y? + 22 — 3 = 0 determines the function F(z,y,z) =
2% + 9% + 22 — 3. Find the partial derivatives

oF oF oF
T g Ly o
Ox “ oy Y oz -
At the point Py(1;1;1)
oF oF oF
g g Ty
Ox Oy "0z
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Thus, the normal vector is W = (2;2;2) and the equation of the tangent
plane (6.29)
2@ —-1)+2(y—1)+2(z—1)=0

After dividing by 2 on removing the parenthesis we get
r+y+z=3

At the singular point the tangent plane may not exist. One example of
the singular point is the vertex O(0;0;0) of the cone z? = x? + y* because in
this case

4y —2=0
2—522:5; 2—5223/; a—F:—QZ
At the point O W= (0;0;0) and there does not exist uniquely determined
tangent plane.

If the surface is a graph of the explicit function z = f(z,y) then we
can write this function implicitly f(z,y) — z = 0. Denoting F(x,y,z2) =
f(z,y) — 2z, we get

OF of OF of OF

o "o oy oy 0z
and the equation of the tangent plane (6.29)
0 9,
a—£($—$0)+6—£(y—yo)—(2—zo> =0
or o7 o7
Z—zy= 8_x<x — o) + (9_y(y ~ Y0) (6.30)

Example 2. Find the tangent plane of the surface z = 322 — 2y at the
point (1;2;1).

In this example f(z,y) = 3z? — xy, hence f. = 6x —y, f, = —x and the
values of these partial derivatives at the point (1;2;1) are f.(1;2) = 4 and
fy(1;2) = —1. The equation of the tangent plane (6.30) is

z—1=4(x—-1)—1(y—2)

or
de—y—z=1
Denoting in (6.30) x — o = Az and y — yo = Ay, we get the equation
af of
—zp==—A —A
Z— 2 p T+ y Y
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whose right side is the total differential of the function z = f(z,y) at F.

This yields the geometric meaning of the total differential of the function
of two variables. The total differential of the function of two variables equals
to the increment of the third coordinate z on the tangent plane if x changes
by Az and y changes by Ay.

Definition 4. The line perpendicular to the tangent plane of the surface
at the point F, is called the normal line.

The direction vector of the normal line of the surface F'(x,y,z) = 0 is the
normal vector of the surface (i.e. the normal vector of the tangent plane)
W= (Fy, F,, F]). Denoting the coordinates of the point P on the surface
by Po(zo, Yo, 20), we obtain the canonical equations of the normal line

T—Zo _Y—Y 22— %

aF  — ~ 8F  _ 8F (6.31)

oz By k3

Example 3. Find the canonical equations of the normal line of sphere
22 +y? + 2% = 3 at the point Py(1;1;1).
According to the data obtained in Example 1 we can write

or

6.12 Directional derivative

Up to now for the function of two variables z = f(xz,y) we’ve only looked

0z 0z
at the two partial derivatives — and —. Recall that these derivatives

ox dy

represent the rate of change of f as we vary x (holding y fixed) and as we
vary y (holding z fixed) respectively. We now need to discuss how to find the
rate of change of f(x,y) if we allow both = and y to change simultaneously.
In other words how to find the rate of change of f(z,y) in the direction of
vector § = (Ax, Ay).

The goal is to obtain the formula to compute the derivative of the function
z = f(z,y) at the point P(z,y) in the direction of the vector ¥ = (Azx, Ay)
(Figure 6.10).

2z
Assume that the function z = f(z,y) and its partial derivatives 9 and
x

2z
— are continuous at P and in some neighborhood of this point.

dy
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Figure 6.11.

Denote the length of the vector & by As = \/Az? + Ay?. By the (6.8)
the total increment of the function has the form
0z 0z

Az = —Ax+ —Ay+ e Ax + Ay
ox Jy

where €; and g, are infinitesimals as As — 0. Dividing the last equality by
the length of the vector 5 gives

Az 0zAx 0z Ay Ax - Ay
_ =7

As  Ords ayhs  'As TAs

j

x
The ratios — and =Y are the coordinates of the unit vector s° in direction

As N As N
of the vector s. Denoting by o and [ the angles that s forms with the

coordinate axes, it’s obvious that

Ax Ay
N cosa and N cos f3

Therefore, these ratios, i.e. the coordinates of the unit vector in direction of
the vector § are called the directional cosines of that vector.
Definition. The limit

is called the derivative of z at the point P in the direction of the vector il

and denoted aajz Since
s

) Ax Ay
A (%—s +€2A_s) =0
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Figure 6.12.

we have the formula to compute the directional derivative

0z 0z 0z
= — — .32
5 a%cosowl—aycosﬁ (6.32)

Example 1. Find the derivatives of the function z = 22+ y? at the point
P(1;1) in directions of vectors 5{ = (1;1) and 53 = (1; —1).
First we evaluate the partial derivatives of z at P

%:2:17 =2
ox P
and 3
z
— =2yl =2
dy p

The length of the vector s—l> is As; = \/5, the directional cosines are cos o =
— and cos = —. Hence,

V2 V2

0z 1 1
=2 42— =2V/2

0sq V2 V2
The length of the vector 3‘5 is Asy = v/2, the directional cosines are cosa =

— and cos § = ———=. Thus,

V2 V2
82_2 i_2 1
st T v2 T2

Thus, starting from the same point in the xy-plane and moving in different
directions, we get the different results. The directional derivative gives us

0
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the instantaneous rate of change of the given function of two variables at a
certain point in the pre-scribed direction.

Partial derivatives with respect to x and y are special cases of the direc-
tional derivative. If the given vector & points in direction of z-axis then

a=0,0= g, cosa = 1 and cos f = 0. Hence,

0z 0Oz

0% Oz
If the given vector il points in direction of y-axis then a = g, 6 =0,
cosa =0 and cos f = 1. It follows

Dz 0z

ds Oy

Thus, the directional derivative in the direction of x-axis is the partial
derivative with respect to x and the directional derivative in the direction of
y-axis is the partial derivative with respect to y.

The directional derivative of the function of three variables w = f(z,y, 2)
at the point P(x,v, z) in the direction of the vector 5 = (Az, Ay, Az) can
be found by the similar formula. Let «, 5 and v denote the angles between
the vector & and x-axis, y-axis and z-axis respectively. Then the directional
cosines of the vector s are cos a, cos B and cos~y. The directional derivative
is computed by the formula

ow  Ow ow ow
j:—cosoz—l——cosﬁ—l—a

= = s 3y CoS 7y (6.33)

Example 2. Find the directional derivative of the function w = zy +
xz + yz at the point P(1;1;2) in the direction of the vector that makes with
the coordinate axes the angles 60°, 60° and 45° respectively.

Find the partial derivatives at the point P

ow ow
—=y+tz =3, —=z+z =3
oz p oy P
and
ow n 5
—_— =X =
0z yP

and the directional cosines
11 v2
? = (cos60°; cos 60°; cos 45°) = (5, 3 \/—> .
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By the formula (6.33) we obtain

0 1
%:3-§+3-

= =3+2

+2-

N | —
S
[\

6.13 Gradient

The function of two variables z = f(x,y) associates to any point P(z,y)
in the domain of that function D one value of the dependent variable z or a
scalar. To any point in the domain of the function there is related a scalar.
Hence, the function of two variables creates a scalar field in the plane.

The function of two variables w = f(z,y,2) associates to any point
P(z,y, 2) in its domain V' a scalar, i.e creates a scalar field in the domain V.
Examples used in physics include the temperature distribution throughout
space, the pressure distribution in a fluid or in a gas. Scalar fields are con-
trasted with other physical quantities such as vector fields, which associate
a vector to every point of a region.

Definition 1. 9 o
z 0z

is called the gradient of the scalar field z = f(x,y).
Definition 2. The vector
gradw = (8—w 8_w 8_w)
ox’ Oy’ Oz
is called the gradient of the scalar field w = f(x,y, 2).
In the first case there is defined a vector field in the plane and in the
second case a vector field in the space. These are called the gradient field.

(6.35)

If ? = (cos a, cos ) denotes the unit vector in the direction of the vector
S, the formula (6.32) can be written as the scalar product of the gradient

and the unit vector s

0
% = grad z - s7
%
Since ? = é, then
% = grad z - E = |g7“adz|M
Js As | grad z|As

where | grad z| is the length of the gradient vector. Denoting by ¢ the

angle between the gradient and the vector ¥ we obtain
grad z - Kl
CosS(p = ———
4 | grad z|As
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and
0z
57 = | grad z| cos . (6.36)

Now we formulate this result as a theorem.

Theorem 1. The directional derivative of the function z = f(x,y) equals
to the projection of the gradient vector onto vector 5.

Two important conclusions of this theorem.

Conclusion 1. The directional derivative in direction perpendicular to

the gradient equals to zero.

0z

. . . . . ™
This conclusion is obvious because in our case ¢ = = and —— = 0.

Conclusion 2. The directional derivative has the greatest value in the
direction of the gradient and equals to the length of the gradient.

It’s enough to recall that the cosine function obtains its greatest value 1
if o = 0. Thus, the direction of fastest change for a function is given by the
gradient vector at that point.

Example 1. Find the greatest rate of growth of the function z = 22 + ¢
at the point P(1;1).

The directional derivative gives the instantaneous rate of change at the
given point. The greatest instantaneous rate of change equals to the length
of the gradient. We find the gradient vector at the point P

grad z = (2z,2y)| = (2;2)
P

and its length | grad z| = 2v/2.

This result is the same as the result in Example 1 of the previous subsec-
tion, where we have found the directional derivative in direction of the vector
57. This is natural because the vector 57 = (1;1) and the gradient have the
same directions.

Theorem 2. The gradient is perpendicular to the tangent of level curve.

Proof. The projection of the level curve of the surface z = f(z,y) onto
xy-plane is f(x,y) = ¢. This is a function given implicitly and the slope of

dy

the tangent line is —= = — =%
& dx f}’/

7= (1) = -t

The scalar product of the gradient vector and the direction vector of the
tangent line

. Hence, the direction vector of the tangent line

18

_>
gradz 5 = fLfy — f1fi =0
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which means that these two vectors are perpendicular.

Now the Conclusion 1 gives us.

Conclusion 3. The derivative in the direction of the tangent line of the
level curve equals to zero.

In Example 1 of the previous subsection the vector 55 has the same di-
rection as the tangent line of the level curve. Thus, by Conclusion 3 it is
natural that the derivative in the direction of this vector equals to zero.

Definition 3. A vector field F — (X (x,y),Y(x,y)) is called a conserva-
tive vector field if there exists a scalar field z = f(z,y) such that F' = grad z.
If F¥ is a conservative vector field then the function f(z,y) is called a potential
function for ?

All this definition is saying is that a vector field is conservative if it is also
a gradient vector field for some scalar field.

Example 2. The vector field F = (2xy; ?) is conservative because there
exists the scalar field z = 2%y such that grad z = F' and 22y is the potential
function for ?

6.14 Divergence and curl

The gradient vector field is just one example of vector fields. More gen-
erally, a vector field = (X(z,y,2);Y(x,y,2); Z(x,y, z)) is an assignment
of a vector to each point (x,y, z) in a subset of space. Vector fields are often
used to model, for example, the strength and direction of some force, such
as the magnetic or gravitational force, as it changes from point to point or
the speed and direction of a moving fluid throughout space.

Definition 1. The scalar

P X OV 0

— + — 6.37
ox * oy * 0z (6.37)
is called the divergence of the vector field ? at the point P(z,y, 2).
Definition 2. The vector
0Z Y 0X 07 9Y 0X
t?: —_— - = — = 6.38
o < oy 0z 0z Oz’ O0r Oy ) (6.38)

is called the curl (or rotor) of the vector field F at the point P(x,y, z).

Example 1. Find the divergence and curl of the vector field
(xyz; 2?2 + 22 ﬁ)
z
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0X oy

In this example X = zyz, Y = 22+ 22, 7 = ﬂ, thus, — =yz, — =10
z ox dy
07
and — = Y Hence, the divergence
0z 22’

dlvﬁ—yz——
22

The components of the curl vector

9z oY =z

oy 0z =z

0X 07 Yy

R T A
and

8—Y — 8—X =2r —xz

or Oy
Consequently,

rot? (——szy g;23/;—31:2)
z

If the vector field represents the velocity of a moving flow in space, then
the divergence of a vector field F' at point P(x,y, z) represents a measure of

the rate at which the flow diverges (spreads away) from P. That is, div ?‘ P
is the limit of the flow per unit volume out of the infinitesimal sphere centered

at P. The curl represents the rotation of a flow, i.e. rot ‘ p measures the

extent to which the vector field F rotates around P.
In field theory there is used a formal vector.

Definition 3. The vector
_ (0.0 9
-\ oz’ oy’ 0z

is called Hamilton nabla vector or Hamilton nabla operator.
The coordinates of this vector are not numbers but some operators. The
first coordinate means that we find the partial derivative with respect to x

for some function etc.
If we treat this vector as an usual vector, we can write for the scalar field

wzf(x,y,z)

Vw = ﬁﬁg ow dw Jw _ rad w
~ \ 0z’ 9y’ 0z oz’ By’ 0z — 8
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Here we have the formal scalar multiplication of V and w. The order of
factors is important. The quantities on which V acts must appear to the
right of V.

The scalar product of V and the vector field F = (X(z,y,2);Y(x,y,2); Z(x,y, 2))
is
Jd o0 0 ox oy 07
v FE= (L. 2.9 xvi2) =2 4 g F
(81:’83;’32’) (X;Y32) o y oz v
The vector product of V and the vector field ? = (X(z,y,2);Y(x,y,2); Z(z,y,2))

18

o o0 0 0z JY 0X 0Z 9Y 0X
VX?—(&,@,&)X(X,Y,Z)—(a_y_gag_%’%_a_y>_r0t?

Hence, using the nabla operator, we can write

gradw = Vw

divE=v.F
rot?:Vx?

Definition 4. The scalar product of nabla vector by itself V2 = V - V is
called Laplacian operator and denoted

A =V?
The scalar product of nabla vector by itself is not a real quantity
0? 0? 0?
“ 2 T op T oz

but applying this operator to some function, we obtain at every point of the
space a scalar.
Example 2. Find the Laplacian operator for the function w = e” sin(yz).
First we find the first-order partial derivatives

ow .

5 © sin(yz)
ow -

o = ze" cos(yz)
ow .

5, = Ve cos(yz)
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and next

Pw 0w

0w

0x? * 0y?

+ 022

= e%sin(yz) — 22" sin(yz) — y’e” sin(yz)

= e"sin(y2)(1 — 22 —y?) = w(l —

22 —y?)

Finally we prove some equalities that hold for the scalar field w = f(z,y, 2)

and vector field F' = (X;Y; 7).
Corollary 1. divgradw = Aw
Proof We write

g 0

divgradw = V-gradw = (%, a—y;

)

Corollary 2. div w? =gradw - ? + wdiv F

Proof. Using the expression of the divergence by nabla vector, we have

divwF = v-w?:(a

0 0

= —(wX)+ —(w

= (a_x;a_y;§) (XY Z) + (

o 0

oz’ 0y’ 0z

0
Y)—l-@

= gradw-?—l—wdiv?

Corollary 3. rot w? = grad w X ? + wrot ?
Proof. Writing the curl vector via nabla, we obtain

rotw?:VXw?:(a 0.9

o' 0y’ 0z

)-wXiuviuz)

(wZ

)

ow

0z

> X (wX;wY;w2)

_ (Owz) OWwY) dwX) IdwZ) dwY) I(wX)
B oy 0z = 0z or = Oz dy
ow 0z ow Y Ow 0X Ow
ow ow. . Ow ow _ oOw ow
0X

0z 9y 09X 07 9Y
v oy 0z 0z Oz’ Ox
= gradwx?—i—wrot?

Ay
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0Z

Y
+——Z+w——

0z

oz oy T

)

ow Ow aw) _ Pw Pw Pw

05 oy 02 ) " o2 oy

0X oY 6_Z
0z
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6.15 Taylor’s formula of function of two variables

When we dealt with the function of one variable, the goal was to represent
the function by a polynomial in powers z — a with sufficient accuracy. If the
function f(z) and its derivatives up to n + 1 degree are continuous at a and
in some neighborhood of this point, then

/ 1 (n)
f(a) = fla) + fl(,a) (r—a)+ 7 2(,“) (r—ay+.. +7 n,(“) (z — a)" + Ry (z)
' ' ' (6.39)
The Lagrange form of the remainder of Taylor’s formula is
R, (z) = Mf(”“)[a + O(z — a)] (6.40)
" (n+1)! '

where 0 < © < 1, i.e. a+ O(z — a) is a point between a and x. If we
approximate the value of the function by Taylor’s polynomial at some point
x, the remainder shows an approximation error.

For a function of two variables we restrict ourselves with Taylor’s poly-
nomial of the second degree. Suppose the function f(x,y) and its partial
derivatives up to third order are continuous at the point A(a, b) and in some
neighborhood of this point. Let us fix the value of y and write by (6.39) the
Taylor’s formula of the second degree for the function of one variable x in
powers T — a

flow) = flag) + 0D (0 gy =D (a0 (60
where the remainder
3
RQ,I(‘T7 y) - Mf!;z (gv y)

3!

and ¢ is some point between a and .
Next we expand f(a,y), fi(a,y) and f2.
(6.39) in powers y — b. First

"(a. b " (a,b
fy(lala )(y_b)_i_#(y—b)Q—f‘RZQ(aay)

(a,y), using the Taylor’s formula

f(a7y>:f(a7b>+

where

— D)3 ,
Roola,y) = Y g (o)

and 7, is some point between b and y. Second

1" ’b
o) = o)+ 280 )4 Ryfa
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(y B b)2 "

where Ry 3(a,y) = (a,m9) and 7y is some point between b and y.

PAR
Third
fre(a,y) = fia(a,b) + Rou(a,y)
—b
where Ry 4(a,y) = yT vy (@, m3) and 13 is some point between b and y.

Substituting those three to (6.41) gives us

flzy) = f(a,b)+f;(ﬁ’b)(y_b>+w

T—a (@, D)
1! f;(aa b) + y]_‘ (y_b) +R2,3(a7y)

or after removing the square brackets and re-arranging the terms

(y — b)* + Ras(a,y)

+

+ frew(a,0) + Ro4(a,y)] + Ry (,y)

"(a ! a,b
fa) = flapy+ 28D g DD,y
an " (a,b " (a,b )
b B2l g Il Dy gy Dele Dy
+ R271(x,y)—|—R272(a,y)+(;E—a)R273(a,y)+ (x ;la) R274(a,y)

The second order Taylor polynomial for the function f(z,y) in powers x —a
and y — b is

Pute.y) = fla b+ 20D @ gy BB, )

o [fia(a,0)(x — a)* +2£7,(a,0)(x — a)(y — b) + f},(a, b)(y — b)?]

2!
(6.42)
Denoting the remainder of the Taylor’s formula of second degree by
(z —a)?
R2 — R2,1(‘Ta y) + RQ,Q(a7 y) + (I - G)R273(6L, y) + 91 R2,4(aa y)

we obtain the Taylor’s formula of the second degree for the function f(x,y)
in the neighborhood of the point A(a,b) (in powers z — a and y — b).

"(a ! CL,b
fa) = flapy+ 28D g DD,y
b b - a4 201 0. b)e — )y — )+ Fy 0.y~ bF] + B
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If we denote in the expression of the remainder

— )3 —p)3
R="" L ey + L2

fg:,gjy (&7 771)

—b)?
WD g ) +

Oy~ b2 ()

+ (r—a

x—a= Az and y — b = Ay, we obtain

1

4e 3!

[(Ax)® £ (&) 4+ 3(Az)* Ay frn, (a,n3) + 3Dz (Ay)* £ (a,m2) + (Ay)? £, (aym)]

or using the traditional notation Ap = /(Ax)? + (Ay)?

(Ao)? [(Ax)® 3(Az)*Ay 3Az(Ay)®

Ry =

According to our assumptions the third order partial derivatives are con-
tinuous in the neighborhood of the point A(a, b). Therefore, they are bounded
A A
i < 1 and 2y < 1. Hence, in the
Ap Ap
remainder R, the multiplier of (Ag)? is a bounded quantity. Denoting this

bounded quantity by g, we have Ry = ap(Ap)? and the Taylor’s formula of
function of two variables converts to

in this neighborhood. In addition

"(a "(a,b
Fa) = fla) + 0D 0 gy BB,y
o [P — )+ 25 0.0 — )y — B)+ Fyfa )y — D] + oA

2!
(6.43)

Example. Find the second degree Taylor polynomial for the function
f(z,y) = xe¥ in the neighborhood of the point (1;0).

To apply the formula (6.42) we have to evaluate the function and all the
partial derivatives up to second order at the point (1;0). The value of the
function

f(1;0)=1-"=1-1=1

The values of the first order partial derivatives f; = e¥ and f, = ze¥ are

"

The values of the second order partial derivatives f,,

e Yy
vy xre’ are

_ "oy
=0, fz = ¢¥ and

fo,(10)=1 and f(1;0)=1-1=1
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Now, by (6.42) we get

1
Py(z,y) = 1+1-(x—1)+1-y+§[0-(x—1)2+2-1.(m—1)y+1.y2}:

1 2 1 2
= rhytry—ytoy =ctay+oy

6.16 Local extrema of function of two variables

The theory of maxima and minima for the functions of two variables is
similar to the theory for one variable.

Definition 1. It is said that the function of two variables f(z,y) has a
local maximum at the point Py(xy,%), if there exists a neighborhood of this
point U.(x1,y1) such that for any P(z,y) € U.(x1,y1)

f(m,y) < f(l'l,yl)

Definition 2. Tt is said that the function of two variables f(z,y) has a
local minimum at the point Py(xs,y2), if there exists a neighborhood of this
point U (x9,y2) such that for any P(z,y) € U.(x2,ys)

f(xvy) > f(x%y?)

Local extremum is either a local maximum or a local minimum.

Example 1. By Definition 2 the function z = 22 4 y? has the local
minimum at the point Py(0;0) because f(0;0) = 0 and for any point P(x,y)
different of Py there holds f(x,y) = 2? + y* > 0.

Example 2. The function z = 22 — y? has no local extremum at the
point Py(0;0). We have f(0;0) = 0 and any neighborhood U,(0;0) contains
the points of x-axis and y-axis. At the points on z-axis y = 0 and z = 22 > 0,
at the points of y-axis x = 0 and 2z = —y? < 0.

If the function of two variables has local extremum at the point Py(xo, 3o)
then the intersection curve of surface (the graph of the function of two vari-
ables) and the plain y = yo has local extremum at xy. Hence, the function
of one variable z = f(z,yo) has local extremum at xo. It follows that at the

z
point Py either — = 0 or does not exist.

x
As well, the intersection curve of surface and the plain x = zy has local
extremum at yo. The function of one variable z = f(xo, y) has local extremum

z
at yo. Then at the point Fy either 0= 0 or does not exist.

0
Definition 3. The points, where a—z = 0 or does not exist and a—z =0or
x

does not exist, are called the critical points of the function of two variables.
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Now we can formulate the theorem.

Theorem 1. (Necessary condition for existence of local extremum). If
the function z = f(x,y) has local extremum at the point P, then P, is the
critical point of this function.

This theorem says that the function of two variables has a local extremum
only at the critical point of this function. But the condition given in this
theorem is not sufficient for the function to have a local extremum. For
instance the point O(0;0) is the critical point of the function z = z? — 3?

z z
because the partial derivatives — = 2x and — = 2y both equal to zero at

ox dy

this point, but as we know by Example 2, this function has no local maximum
and local minimum at O(0;0).

Because of this theorem we know that if we have all the critical points of
a function then we also have every possible local extremum for the function.
The fact tells us that all local extrema must be at the critical points so we
know that if the function does have local extrema then they must be in the
set of all the critical points. However, it will be completely possible that at
least at one of the critical points the function hasn’t a local extremum.

So the question is how to determine whether the function of two variables
has a local extremum at the critical point or not and if it has, is at that point
a local maximum or a local minimum.

In the following we consider only the critical points where both partial
derivatives equal to zero, i.e. the system of equations

0z
= —0
gr (6.44)
=0
Ay

The solutions of this system of equations are called the stationary points
of the function z = f(z,y). Every stationary point is also a critical point
of the function of two variables but not vice versa. There exist the critical
points that are not the stationary points. For instance, for the function

2z = /2% + y? the partial derivatives

% B x

(9:15 N A /1‘2 + y2
and

0z Y

NCENT

are never simultaneously zero, however they both don’t exist at O(0;0).
Therefore, O(0;0) is a critical point and a possible extremum. The graph of
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z = \/2? 4+ y? is a cone opening upwards with vertex at the origin. Therefore,
at O(0;0) this function has a local minimum at O(0;0).

We find the sufficient conditions for existence of the local extremum at the
stationary points. Let P, be a stationary point of the function z = f(x,y).
Evaluate the second order partial derivatives at Py and denote

2
and C = %

Py 8]/2 Py

0%z
~ Oxdy

0%z

A=2"
0x?

Py

Theorem 2 (sufficient conditions for existence of a local extremum). Let
Py be a stationary point of the function z = f(x,y).

1. If AC — B?> > 0 and A < 0 then the function z = f(z,y) has a local
maximum at F.

2. If AC — B* > 0 and A > 0 then the function z = f(z,y) has a local
minimum at F.

3. If AC — B% < 0 then the function z = f(z,y) has no local extremum
at Po.

Definition 4. If AC — B? < 0 then the stationary point P, is called the
saddle point of the function z = f(z,y).

Proof. We prove only the first assertion of this theorem. We use the
second degree Taylor formula (6.43) taking a = x¢, b = yo, © — 19 = Az,
y—yo = Ay, ie. v =19+ Az and y = yo + Ay. By our assumption F, is a
stationary point of the function z = f(z,y) thus,

falt(x(h yO) =0
and

fo(0,50) = 0
Now (6.43) converts to

1
f(zo+Azx, yo+Ay) = f(xo, y())—i—a [A(Aa:)2 +2BAxzAy + C(Ay)ﬂ +ao(Ap)?

where Ap = /(Az)? + (Ay)2.
Converting the last equality gives

f(xo+Awx, yo+Ay)—f (20, y0) = (A;)Q Aiigz +28 (AXPA;; - Cgiiiz + aoApl
(6.45)
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Lo  x9+ Ax

Figure 6.13.

Here P(xg + Az,yo + Ay) is an arbitrary point in the neighborhood of
Py(xo,90). Denote the angle between the vector P(]ﬁ and z-taxis by ¢-ga

A A
(Figure 6.12). Then cosp = 20 and singp = 2V o A = Apcos e and

Ap Ap
Ay = Apsinp.
Substituting these into (6.45), we obtain
_ (AP)Q 2 . .. 9
flxo+Az, yo+Ay)— f(xo, y0) = o [Acos® ¢ + 2B cos psing + Csin® p + apAp]

Multiplying and dividing three first terms in square brackets by A gives

(Ap)? {Az cos? ¢ + 2AB cos psin ¢ + AC'sin? ¢

o 1 + OzoAp]

f(wo+Az, yot+Ay)—f (0, Y0) =

If we add to the numerator of the fraction obtained 0 = B?sin? o — B?sin? ¢
then

Ap)? [(Acosp + Bsiny)? + (AC — B?)sin?
fxo+Az, yo+Ay)—f(xo, yo) :( /) {( d ?) ( ) d

Since Acosy + Bsiny and sin ¢ cannot simultaneously equal to zero, by
assumption AC' — B? > 0 the numerator of this fraction is positive and due
to the assumption A < 0 the fraction itself is negative. For sufficiently small
Ax and Ay, i.e. for sufficiently small Ap the expression in the square brackets
is negative. Hence,

f(.%‘() + Al‘, Yo + Ay) — f(Io, yo) <0

or
flxo + Az, yo + Ay) < f(xo, yo)
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which proves that the function f(z,y) has at Py = (z0; yo) a local maximum.
We obtain the stationary point Py(0;0) of the function z = x4 y? as the
solution of the system of equations (6.44)

20 =0
2y =20

A=gz =2

2
0xdy

We find

and 52
0y?
Hence, AC — B> =4 > 0 and A > 0. Consequently, by Theorem 2 the
function z = z? + y? has at stationary point Py(0;0) a local minimum.
We obtain the stationary point Py(0;0) of the function z = z* — y? as the
solution of the system of equations (6.44)

20 =0
—2y=20

ox?
- Oxdy

We find

and
=07 =
Thus, AC — B2 = —4 < 0. Consequently, by Theorem 2 the function z =
r? — y? has’t a local extremum at the stationary point P(0;0). In other
words: the point P(0;0) is the saddle point of the function z = 2% — y2.
Example 3. Find the local extrema of the function f(z,y) = 4 + 2* +
3
y° — 3xy.
The first order partial derivatives are

a—f:3:c2—3y and g:3y2—3x
Ay

ox

C -2

49



To find the stationary points we solve the system of equations (6.44)

322 -3y =0

3y? —3x =0
or

2 —y=0

2 —x=0

The first equation gives y = 2%, Substituting this into second equation gives
' —x =0 or x(x® — 1) = 0, whose solutions are x; = 0 and z = 1. Since
y = x2, we have two stationary points P;(0;0) and P(1;1). Next we find the

second order partial derivatives
o0 f

0*f 0% f

S = -3 and 2L =6

ox? v 0x0y an Oy Yy
Since at the first stationary point P;(0;0) the values A = 0, B = —3 and
C =0 and

AC —B*=0-0—(-3)*= -9
the point P;(0;0) is the saddle point of the given function.
At the second stationary point P(1;1) the values A = 6, B = —3 and
C =6 and
AC —B*=6-6—(-3)>=27>0

As well A =6 > 0 and by Theorem 2 the given function has a local minimum
at the point P,(1;1) and this local minimum equals to

Zmin =4+ 134+12-3-1-1=3

Remark If in Theorem 2 AC — B? = 0 then anything is possible. More
advanced methods are required to classify the stationary point properly.

6.17 Global extrema of function of two variables

The greatest and the least value of the function of two variables are called
the global extrema.

Suppose that the function z = f(z,y) is continuous in the closed region
D. There hold two properties similar to the function of one variable.

Property 1. The continuous at every point of a closed region D function
f(z,y) has a maximum and a minimum in D.

Property 2. The continuous at every point of a closed region D function
f(z,y) acquires the greatest and the least value at a critical point in D or at
a boundary point of D.

These two properties provide us the instructions how to find the greatest
and the least value of a continuous function in a closed region D.
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1. Find the critical points of the function f(z,y) Pi, Ps, ...in the region
D and find the values of the function at these points f(Fy), f(FP2), ...

2. Find the greatest and the least values of the function on the boundary
of D or on the separate parts of the boundary. This can be done by
solving for z as a function of x or y alone and using the method for one
variable.

3. The largest of the values of steps 1 and 2 is the maximum value and
the least is the minimum value.

Example. Find the maximum and the minimum value of the function
2z = 22 + 22y — 42 — 2y in the triangle bounded by the lines z = 0, y = 0 and
r+y =4

First we sketch the triangle (Figure 6.13).

Ay

™

I 117

Figure 6.14.

0 0

The partial derivatives are o + 2y —4 and Y
ox oy

The system of equations

20 +2y—4=0
20 —2=0

gives one critical point Py(1;1) and this point belongs to the triangle given.
The value of the function at this point is f(1;1) = —3.

The boundary consists of three line segments. The first line segment is
determined by z = 0 and 0 < y < 4. On this part of boundary we have to
find the greatest and the least value of the function z = —2y on the closed
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interval [0;4]. Since 2z’ = —2 there is no critical points. The values of the
function at the endpoints are z(0) = 0 and z(4) = —8.

The second part of the boundary is determined by y = 0 and 0 < x < 4.
We have to find the greatest and the least value of the function z = 22 — 4x
on the closed interval [0;4]. The equation 2’ = 0 gives 2z — 4 = 0, i.e. the
critical point is x = 2. This belongs to the interval [0;4] and the value of
the function at this point is z(2) = —4. The values of the function at the
endpoints are z(0) = 0 and z(4) = 0.

The third part of the boundary is determined by y =4—z and 0 < x < 4.
On this part of the boundary we have to find the greatest and the least value
of the function z = —z% + 6z — 8 on the closed interval [0;4]. The equation
Z =0, 1e. —2r+6 = 0 gives us the critical point x = 3. The value of
the function at this point is 2(3) = 1. The endpoints of the interval are two
vertexes of the triangle, where the values of the function have been found
already (2(0) = —8 and z(4) = 0).

Thus, the least value of the function is —8 and the function acquires this
value at the point (0;4). The greatest value is 1 and the function acquires
this value at the point (3;1). The conclusion is

Zmin = 2(0;4) = —8
Zmaz = 2(3;1) =1

6.18 Conditional extrema of function of several vari-
ables

One of the common problems in mathematical analysis is that of find-
ing maxima or minima of a function subject to fixed outside conditions or
constraints. The classical problem on conditional extrema is the problem of
determining the maximum volume.

Example 1. From the sheet-metal with area 2a has to be made a rect-
angular closed box. We have to find the dimensions of maximum volume.

Denote the dimension of the rectangular box x, y and z. We have to
find the dimensions of maximum volume V' = zyz subject to the constraint
22y 4+ 2x2 4+ 2yz = 2a

We return to this example after setting up the theory required.

Let us start with the simpler problem. Suppose we want to maximize
or minimize the function z = f(z,y) subject to equation ¢(z,y) = 0. The
equation ¢(z,y) = 0 is called the constraint and this is a function of one

/
variable given implicitly. The derivative of this function is Z—i = —%.
y
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Since the constraint defines y as a function of x then z is the composite
function with respect to z. By the formula of the total derivative (6.24)

dz 0z Oz d_y

de " oz dyde
d
Substituting il gives
dx 4 )
Z gl / _&
dz _f””+fy( 90;)
. . dz
Since at the extremum point i 0 then
x

/

/ 1 P
fm = y(]p_/
Yy

Assuming that f; # 0, we obtain the system of equations to determine
the point of the conditional extremum

fo ¢
e (6.46)
o(z,y) =0

Example 2. Find the points of conditional extrema for the function
2z = 22 + y? subject to the constraint z +vy = 1.

In this example f(z,y) = 2% + y? and ¢(z,y) = v +y — 1. The partial
derivatives f; = 2z, f, = 2y, ¢}, = 1 and ¢, = 1. To determine the points of
conditional extremum we compose the system of equations (6.46)

20 1
2y 1 (6.47)
r+y—1=0

The first equation gives y = x and substituting y into the second equation,

we get 2x = 1, ie. x = 5 Thus, the conditional point of extremum is

11 % 1\*  [1\* 1
<§, 5) and the conditional extremum z = (5) + <§> =3 To make
sure, is this point a point of conditional maximum or minimum, we choose
a nearby point (0, 6;0,4) satisfying the constraint and compute the value of
the function at this point z = 0,62 + 0,42 = 0, 52. Since this value is greater

than the value of function at the conditional point of extremum we conclude
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11
that the the function z = 22 + y? has at the point (5, 5) the conditional

minimum subject to constraint z + y = 1.

This problem has quite simple geometrical meaning. The graph of the
function z = 22 + y? is the paraboloid of revolution. The constraint is the
plain parallel to z-axis and and we have to find the minimum and maximum
points on the intersection curve.

Figure 6.15.

Using the system of equations (6.46), we can find the points of extremum
for the function of two variables subject to one constraint. If we have to
find conditional extrema for the function of three or more variables, then
more general method can be used, the Method of Lagrange multiplier(s). To
determine the points at which the function f(z,y) attains constrained local
extrema we form an auxiliary function, Lagrange function,

Suppose again we want to find the points of extremum for the function
z = f(z,y) subject to constraint p(z,y) = 0. We introduce a new variable A
called a Lagrange multiplier and study the Lagrange function defined by

F(x,y,\) = f(z,y) + Ap(z,y)

The conditional extremum points are the stationary points of this function
of three variables, i.e. the solutions of the system of equations

Fl=0
F'=0 (6.48)
Fi=0

Show that this system of equations is equivalent to the system of equations
(6.46). Since F§ = p(z,y), the third equation of the system is the constraint
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¢(r,y) = 0. The first equation is f; + Ay, = 0 and the second f; + g, =

/
To eliminate the variable A we solve both equations for A A = —f—”f and
P Y
A= ——?j. Those two equations yield
Py
Ly
Yr Py

which is equivalent to the first equation of (6.46).

Now it is easy to solve the more general conditional extremum problems.
To find the conditional extrema of the function w = f(z,y,z) subject to
constraint ¢(x,y, z) = 0, we introduce the Lagrange multiplier A and define
the Lagrange function

F(z,y,2,A) = f(z,y,2) + Xp(z,y, 2)

The conditional points of extremum are the solutions of the system of equa-
tions

F.=0
F =0
0 (6.49)
F. =0

Now we are ready to solve the problem of maximal volume set up in Example
1. Find the maximum of the volume V = zyz subject to constraint xy +
xz + yz = a. Define the Lagrange function

F(z,y,z,\) = zyz + Moy + vz +yz — a)
and compose the system of equations (6.49)

yz + ANy +2)=0
zz+MNz+2)=0

6.50
zy+ ANz +y)=0 (6.:50)
zy+xz+yz—a=0
The first equation gives A\ = — Y= , the second A = — il and the
y+z T+ z
x
third A = — f . The first and the second equations obtained give
rTTy
yz oz
y+z x4z
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and the first and the third give
Y= LY

y—l—z_:c—i—y

We divide the first equation by z-ga and the second by y-ga. None of these
variables cannot equal to zero because otherwise the volume should be zero.

The first equation gives y(z + 2) = z(y + z), that is xy + yz = xy + x=
or yz = xz, i.e. y = x. The second equation gives z(x +y) = x(y + 2) or
rz+yz =xy+xz or yz = xy, i.e. z =x. Hence, 2 = y = x, that means the
dimensions of this box have to be equal and the rectangular box is actually
the cube. Substituting z and y into the last equation of (6.50), we obtain
22 + 22 + 22 = a, which gives z = =y

3
Consequently, if we have a sheet metal with area 2a the dimensions of

a
the rectangular box of maximal volume have to be x =y = 2z = \/; and the

. . a |a
maximal volume is V40 = =1/ =.

3V 3
To find the conditional extrema for the function w = f(z,y, 2z) subject

to constraints p(z,y,z) = 0 and ¢(x,y, z) = 0 we introduce two Lagrange
multipliers A and p and define the Lagrange function

F(z,y,z, A\ pn) = f(x,y,2) + Xp(z,y, 2) + pd(z,y, 2)

The conditional extremum points are the solutions of the system of equations

F.=0
F'=0
F/ =0 (6.51)
F.=0
Fl =0
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